Journal of Scientific Computing
https://doi.org/10.1007/510915-018-0859-7

@ CrossMark

Numerical Simulation and Error Estimation of the
Time-Dependent Allen—Cahn Equation on Surfaces with
Radial Basis Functions

Vahid Mohammadi' - Davoud Mirzaei?? - Mehdi Dehghan'’

Received: 19 October 2017 / Revised: 5 August 2018 / Accepted: 13 October 2018
© Springer Science+Business Media, LLC, part of Springer Nature 2018

Abstract

In this paper a numerical simulation based on radial basis functions is presented for the
time-dependent Allen—Cahn equation on surfaces with no boundary. In order to approximate
the temporal variable, a first-order time splitting technique is applied. The error analysis is
given when the true solution lies on appropriate Sobolev spaces defined on surfaces. The
method only requires a set of scattered points on a given surface and an approximation
to the surface normal vectors at these points. Besides, the approach is based on Cartesian
coordinates and thus any coordinate singularity has been omitted. Some numerical results
are given to illustrate the ability of the technique on sphere, torus and red blood cell as three
well-known surfaces.

Keywords Allen—Cahn equation - Radial basis functions - Laplace—Beltrami operator -
Time splitting scheme - Error estimate

1 Introduction

There are many phenomena in the applied and natural sciences which can be described
as partial differential equations (PDEs) on surfaces. Such problems have received growing
interest over the last years due to a variety of applications in meteorology, image processing,
geometry, phycology, cell-biology, solidification, gravitation, and etc.
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Finding an analytical solution for a PDE problem defined on a surface is not simple and
in many situations it is impossible. Therefore, numerical techniques play an important role
in this area of applied mathematics. Among all numerical methods, the role of meshless
methods is prominent for problems on surfaces. The reason is clear: in these methods no
background mesh and triangulation is required for approximation. This property will become
more important when the information and known quantities are only available at scattered
points on the surface. Thus, in the past two decades, the use of meshless methods has received
much attention from researchers which are working in the field of numerical methods for
solving PDEs on surfaces. The main advantage of these methods is easy implementation in
high-dimension with arbitrary domain geometry. According to the choice of testing space,
meshless methods (as well as the other methods) for PDEs can be divided into methods based
on strong, weak and local weak forms. On the other side, the trial space should necessarily
be constructed via a scattered data approximation method. The moving least squares (MLS)
and the radial basis functions (RBF) can be addressed as two examples.

In these directions, there exists a resealable number of publications where a few of them
are addressed below. For solving elliptic spherical PDEs, the kernel collocation method has
been used in [29,36], the Galerkin method has been employed in [28,40] and a Petrov—
Galerkin kernel approximation has been introduced in [35]. For solving reaction—diffusion
equations on surfaces, a global RBF based method has been introduced in [20], the RBF-
finite difference (RBF-FD) method has been implemented in [41] and the compact RBF-FD
technique has been employed in [30]. Besides, the generalized moving least squares method
was applied for spherical PDEs in [34]. This list is of course incomplete and thus we refer
the reader to the bibliographies outlined in the above mentioned references.

In addition to the meshless methods, different methods such as finite differences, finite
elements and finite volumes have been developed for solving PDEs on surfaces in recent years.
Many of them can be classified into two types, intrinsic methods and embedded, narrow-band
methods [20]. In the first group, coordinates intrinsic to the surface and a surface-based mesh
to discretize the PDE will be used [8,13—15]. While in the second group, the PDE is first
extended into a narrow band domain around the surface and then the extrinsic coordinates
and an Euclidean-based mesh are used for discretization [1,7,32,33]. The intrinsic methods
suffer from coordinate singularities but solve the PDE on its right dimension. The embedded,
narrow-band methods, however, avoid coordinate singularities at the price of adding artificial
boundary conditions and solving the PDE in a dimension at least one greater than that in
which the PDE is posed. More details and comparisons can be found in [20].

According to the above discussion, Flyer and Wright [18,19] and Fuselier and Wright
[20] proposed a new numerical scheme based on radial basis functions (RBFs) to solve PDE
problems on surfaces which inherits the advantages of both intrinsic and embedded, narrow-
band methods. The method uses RBFs and approximates the differential operators directly on
the surface. This means that there is no need to extend quantities off the surface. Furthermore,
it does not rely on any surface-based metric or intrinsic coordinate system.

In this paper, using the approach of [20] and an explicit time splitting scheme, we numer-
ically solve the Allen—Cahn (AC) equation on a smooth, 2-dimensional compact manifold
M embedded in R3. The error analysis of the method is also given when the true solutions
lie in arbitrary Sobolev spaces. The AC equation is read as [4]

du(x,t) _F’(u(x, 1))

5 £ + Apu(x,t), xeM, 0<t<T, (1.1)
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where Ay is the well-known Laplace—Beltrami operator, u(x, t) represents the difference
between the concentrations of the two mixture components, and F (1) = 0.25 (u?—1)2. The
constant parameter E denotes the gradient energy coefficient related to the interfacial energy.

The AC equation was first introduced by Allen and Cahn in 1979 for antiphase domain
coarsening in a binary alloy [4]. This model has many applications in crystal growth [9,10],
image in painting [17,31], image segmentation [5,23], and tumor growth [47] on flat surfaces.

Authors of [11] proposed a numerical method for motion by mean curvature of curves on
a surface in three-dimensional space using the AC equation. A finite difference scheme has
been developed for a conservative AC equation on non-flat surfaces in [25]. The conservative
AC equation is also solved on flat surfaces in [24,26,42,43].

In this work, the Laplace—Beltrami operator in (1.1) is approximated using the attractive
RBF technique of [20]. We complete the error analysis of this approximation for target
functions in Sobolev spaces H? (M) for all real values of o with 3 < o < 2s, where s
determines the smoothness of the underlying kernel. Moreover, we apply a time integration
scheme which splits the nonlinear AC equation into a linear and a nonlinear subproblems. The
linear problem is solved numerically while the nonlinear problem is handled analytically. For
stability of the method, we prove some new results helping us to estimate the error bound for
the full-discretized problem. The stability analysis is partly based on an important conjecture.

The outline of this manuscript can be expressed as follows: in Sect. 2, a first-order time
splitting method and its application to AC equation are explained. In Sect. 3, the RBF collo-
cation method on surfaces is reviewed. In Sect. 4, the details of the numerical simulation are
provided. In Sect. 5, the stability and the error estimate of the proposed technique are given.
Finally, in Sect. 6 some numerical results on sphere, torus and red blood cell are reported.

2 The Time Splitting Scheme

In this section, we apply the sequential time splitting technique [6,12,48] on Eq. (1.1). To be
more precise, we first consider the following problem

du(t)
o = A0 = A+ A)u), 1€ 0.T], 2.1
u(0) = up,

where u : (0, T] — R and ug € R. Here the operator A : &/ — R is split into operators A

and A and U is a solution space. Suppose further that Eq. (2.1) has a unique solution in /.

By dividing the time interval [0, 7] into M sub-intervals such that T = M At where At is

the time step and by defining #, := nAt, the sequential splitting method can be written as

dv(t)

dt :Alv([), te ([}’ls[}’l+l]7

v(tn) = uspi(tn),

du(t) 2.2
= Agu(t). 1€ (s tusi ], (22

u(ty) = v(tn+1),
”spl([n+l) = u(tyy1),

forn =0,1,2,..., M — 1 and usp1(0) = u(0). Finally, upi(#,+1) is the time difference
solution of (2.1) at t = 1,41. The sequential splitting scheme for Eq. (1.1) can now be
expressed as
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dv(-, 1)
dt = AMU(" Z), re (tn» tn-'rl]a
2(‘» In) = uspl('» tn),
u;; Do Pl 0)/E2 1€ sl @3)

u(s, 1) = v, tht1),
Mspl('y tnt1) == u(, tyt1),

wheren =0,1,2,..., M —1and ugy (-, 0) = u(-, 0). The first initial value problem in (2.3)
is discretized by the first-order explicit (the Euler time stepping) method, and the close-form
solution of the second initial value problem is used to obtain the following two-step scheme:

u™ =u" + AtAyu”, (2.4)

un*

W't = , n=0,1,....,M -1, (2.5)

Ry v e

n*

where u" is the approximate value of u(-, t,), and u™* is the intermediate solution. We will
come back to this time stepping scheme after discussing a meshless technique based on RBFs
for approximating the spatial variables in the next section.

3 RBFs Method on Surfaces
In this section, we briefly review a beautiful RBF method on surfaces for approximating the

Laplace—Beltrami operator. For further details the interested reader is refereed to [20], where
most materials of this section are adopted from this reference.

3.1 Continuous Surface Differential Operators

Let M be an embedded manifold in R? with no boundary. The surface gradient is defined by

Vy:=PV=»10-nn")V, (3.1
where n(x) = (ny, ny, nZ)T is the normal vector at point x = (x, y, z). In an extensive
form, Vy is written as

a ad
(I —=nyny) — —nxhy— —nyn;—

5 ox 8ya 8za G*

Vm = | —nxny—+ A —nyny) — —nyn;— [ =| G |, 3.2)
ax ay gz G
_nxnzg - nynza + (1 —nzny) P

in which P projects vectors in R3 to T M, the tangent vector of Ml at x. The Laplace—Beltrami
operator Ay is then defined by

Ay =V - V= P V) - (PV) =G*G" + G'G" + G°G°. (3.3)

Note that, all expressions above are in Cartesian coordinates. To obtain an analogue
discrete version of the gradient and Laplace—Beltrami operators, we use a scattered data
approximation method based on restricted radial basis functions on manifold M.
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3.2 Restricted Kernels on Manifolds

The restriction of a positive definite kernel from R? to any submanifold M is a simple and
straightforward way for obtaining a positive definite kernel on M because the restricted kernel
inherits the property of positive definiteness from the original one, making it well-suited for
scattered data interpolation problems [22]. Assume that ® : RY — R is a positive definite
basis function satisfying

c(1+ o)) <) < C + o7, »eR?, (3.4)

fort > d/2. Here ) represents the Fourier transform of & in R4. Condition (3.4) means that
) decays algebraically in w, and 7 > d/2 ensures the integrability of ®. A basis function
® of this kind is necessarily finitely smooth and its native space in R? is No = HT (R?).
Details can be found in [44, Chapter 10]. The restriction of ® on a k-dimensional submanifold
M has H*~@=/2(M) as its native space. (See Sect. 5 for definition of Sobolev spaces on
compact manifolds.) The proof of this important result is given in [22]. See also [37,39] for
the special case M = S9-1 Further, we assume that ® is radial that means that there exists
a continuous function ¢ : R>9 — R such that ®(x) = ¢(||x]||2) forall x € R?. Two kinds
of such basis functions are listed below with their main properties:

e The Matérn (or Sobolev) function on R? is defined by
_ v—d/2
dv(r) =Cyr Ky_ap(r), v>d/2, (3.5
where C,, = % and K, is the modified Bessel function of the second kind of order

v. The smoothness of ¢, is controlled by v. The Fourier transform of Matérn kernel
Q) =¢u(ll - lI2) is
B (@) = (L+ [0,
which means that N, (M) = H'~@=0/2(MD).
e The compactly supported positive definite Wendland’s functions ¢4 ¢ € C*(R?) have
Fourier transforms satisfying (3.4) with t = ¢ 4+ d/2 + 1/2 [44, Chapter 10]. Their

restrictions to any k-dimensional submanifold M have N¢d, M) =H CHR/241/2 (M) as
native space.

3.3 Discrete Surface Differential Operators
In this section, the discrete analogues of continuous operators Vyy and Ay are obtained using
the kernel interpolation problem on M. As pointed before, the idea comes from [20]. Assume
that
X ={x1,x2,...,xn}
is a set of NV scattered points on M, and u : M C R3 — R is a continuous function. The
RBF interpolant of u on M is denoted by Iyu := Ix yu and can be written as
N
Ipu(x) ==Y cjp(rj(x)). x €M, (3.6)

Jj=1
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where 7 (x) = [lx — x|l2. According to (3.6), we have

N
Vilpu(x) =Y c; Vg (rj(x)), x €M, (3.7)
j=1

where Viyig = [G¥ ¢, G¥¢, GZ¢]” is calculated via (3.2) thereat
AP (rj(x)) @' (rj(x))
— = ()

, and so on,
0x rj(x)

where ” denotes differentiation with respect to r. Next, we define the following N-by-N
matrices

By = [gx¢(rj(x))|x:xk], k,j=1,...,N,
By = [00i )|y, |- Ki=100 N,

B =[0G,y ] k=10,

to obtain

(G Igu) Ix = Bye = (ByAy') ux =: Gux,

(07 1gu) Ix = Bye = (BYAy') ux =: Gux, (3.8)

(G%1u) Ix = Bie = (BiAR' ) ux = Giux,
where Ay = [¢(rj(xi)], j.k=1,...,N,c=[ci,...,cy]" and uy is a column vector
containing values u(x ;) for j = 1, ..., N.Now, a discrete Laplace—Beltrami matrix is define
by

Ly := GxGx + Gy Gy + GG,

which approximates the operator Ay on data set X. Theoretical results will be reviewed in
Sect. 5 to show how well Ly approximates Ayy.

4 The Full-Discrete Problem

In Sect. 2, Eq. (1.1) was converted to two-step semi-discrete Egs. (2.4)—(2.5). The full-discrete
system of equations can be obtained as

U;*:US}—i—AthU;, @D
Un*
Ut X n=01,....,M—1, (42)

X ’
R )

where the continuous operator Ay is replaced by matrix Ly and the continuous functions "
are replaced by N-vectors Uy. Note that, in (4.2) all mathematical operators are interpreted
componentwise. Equation (4.1) is the usual forward Euler scheme and thus should be con-
ditionally stable, instead no matrix inversion or assumption on solvability is required. The

stability condition as well as the full order of convergence of the method will be derived in
the next section.
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5 Error Estimate

This section provides an error estimate for the proposed method. First, we need some defi-
nitions and preliminaries. The following definition expresses Sobolev spaces on a compact
manifold M [20]. For the special case Ml = S9~! see [27].

Definition 5.1 Suppose that M ¢ R? be a compact manifold of dimension k. Let A=
{(\f{,, l7j)}, Jj=1,2,...,J be an atlas of slice charts for M}, and let A = {(¥;, U;)} be the
associated intrinsic atlas. Now let {x;} be a partition of unity subordinate to {[] it lfuisa
function defined on M, the projection 7 (u) : R¥ — R is defined by

. -1 ’
() = | 20Dy € BO.,
0, otherwise
in which B’(0, 1) = {y = (yl,...,yd)T € B(0,1) : yy+1 = --- = yq = 0} can be viewed

as a copy of an open ball in R¥. With this construction, Sobolev spaces for I < p < oo and
s > 0 can be defined via the following norms

1

J 2

lleellws vy = Z””j(“)”iv;(uek) ’
=1

and the Sobolev spaces W; (M) can be defined as follows
WS (M) = {u € Ly(M) : 7j(u) € W(RH), j= 1,2,...,J],

where W; (R*) is the Sobolev spaces of order s with respect to p-norm on R¥. The case
p = oo can be defined in similar manner. In case p = 2, the space is Hilbert and the notation
H’ (M) is usually used instead of W3 (M) and its norm is induced by the inner product
J
(u, VY gsovy = Z(ﬂj(u), 77 (V) gs (R -
j=1
The order of convergence of kernel methods is mainly based on the density and the

quality of trial and test points. There are three geometrical quantities associated with X. The
fill distance of X on M is defined by

hx v = sup min dy(x, x;),
xeM 1=j=N

where dyi(x, x ;) denotes the geodesic distance between x and x; on M. The separation
distance of X on M is defined by

1
= —mindy(x;, x;),
qx,M 2 M (X j)

and finally the mesh ration px n of set X is defined by

which measures how uniformly the points are placed on M. When px v is close to 1 then
the distribution of points is said to be quasi-uniform. For R > 1, let X = Xr(M) be the
family of all sets of centers X with px v < R; we will say that the family X’s is R-uniform.
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We need a sampling inequality (or zeros theorem when u|x = 0) to derive an error estimate
for the above mentioned meshfree method. Sampling inequalities in Sobolev spaces estimate
the Wf -norm of a function u by its stronger W -norm times certain powers of fill distance &
of a set X plus a discrete norm of the function’s sampled values at X. In [38,46], a sampling
inequality in bounded domains in R4 has been proved foro € R, p € [1, 00), g € [1, 00],
lo] >d/pif p > lor|o]| > dif p =1, and for non-negative integer values of § up to
lo| —d/p.In[2] the admissible values of 8, o and p have been enlarged and the following
sampling inequality has been derived

g < € (1527 iy 0y + el 5.1)
where p,q € [1,00],0 e R,0 >d/pif p>1loro >dif p=1,and g € Ny satisfies
0<p<[o—d(l/p—1/q)+] — 1. Here Q@ C R? has a Lipschitz continuous boundary.
In [22] (5.1) has been employed on charts to find the following sampling inequality on a
k-dimensional submanifold M:

—B—k(1/p—1/q)
lul iy T g . (5.2)

whan =
where u|x = 0. Here, p,q € [1,00],0 > k/pif p>1loro >kif p=1and 8 € Ny with
0<pB<Jo—k(l/p—1/q)+]—1.In[3] the sampling inequality (5.1) has been generalized
for real values of g but excluding the case g = oo.

By applying the strategy of [22] and [27] (the latter concerns the case M = S?~1), (5.2)
can be extended to

o—p—k(1/p—

1/¢) _
0l gy = € (s D4 lulwg oy + iy hallnlxles ) (53)

for well-distributed point set X on M. Although (5.3) will be used in the sequel, we further
need a zeros theorem for values of § ranging from zero to ¢ in the case where both 8 and
o are real and p = ¢ = 2. Fortunately, [45, Theorem 4.6] proves such case for bounded
domains in R¢. Again applying the strategy of [22] and using [45, Theorem 4.6] instead of
(5.1) we have the following result.

Theorem 5.2 Let M be a smooth manifold of dimension k, and let p,q € (1,00) and o >
k/p. Assume B € R satisfies 0 < B <o —k(1/p — 1/q)+. Also, let X C M be a discrete
set with sufficiently small fill distance hx 1. Then we have
o—p—k(1/p—1/q)
|M|W§(M) =< Chy * lulwe o » 3.4
provided that u € Wg M) and ulx = 0.

Noting that, in the all above sampling inequalities the semi-norms can be replaced by full
Sobolev norms on the left and right sides.

In the rest of this section, we will show how well Ly approximates Apg. We need to define
the continuous analogues of discrete differential matrices Gx and Ly. Following [20] we
define

Gyu := Vvilpu, Dyu = Vv - Igu, Lyu = DvyGuu,

where Tu = (Iu*, Tu”, Iu®) is the vector-valued kernel interpolant of . We note that the
function Lygu sampled at X is equivalent to associated differential matrix Ly acting on uy,
ie.

(Lmu)x = Lxux. (5.5)
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Our results below (Theorem 5.4) complete the results of [20, Theorems 1 and 2] for target
functions in Sobolev spaces H? (M) for all real values of o with 3 < o < 2s. For this

purpose, we need to generalize the kernel interpolation error estimate given in [22, Theorem
17].

Theorem 5.3 Let M be a smooth k-dimensional submanifold of]Rd. Assume ® = ¢ (|| - ||2)
satisfies (3.4) for t > d/2, and define s = © — (d — k)/2. Let X C M be a discrete set
having fill distance h = hx \ sufficiently small and mesh ratio p = px . Then we have

Ch® P " lull oy, k/2 < o <5,

— 7 < 5.6
s A GO

forallu € H° (M) and 0 < B < s. Here, both o and B are real parameters.

Proof The proof of the first estimate for k/2 < o < s follows from the proof of [22, Theorem
17] by applying the sampling inequality (5.4) instead of (5.2) for p = ¢ = 2. In additions,
[22, Corollary 15] concerns the case o = 2s. Here we prove the second estimate in (5.6), for
s < o < 2s, by using a duality trick as follows: The minimal property of /su in the native
space of ¢ implies (u — Iyu, Ipu) s vy = 0 leading to

it — Tull s qry = (1 — Tyte, ) s -

Let v := u — Iyu. Using the definition of inner products and norms by the Fourier transform
(up to a constant factor) we have for any o € [0, 5],
J

2
lu = ToulFpoqy = (V) msam = D (7. 07} grs iy
j=1

Mx/i\ M~ ||M\ ||M\

f (1 + [0I3)'T; (@) @) dw

IA

f (1 + ol *2 (@ (@) (1 + [wl3)* [0 (w)|dw

12
( / (1+ ||w||2>s+“|u]<w)|2dw>

12
[0+ 1o @rdo)

||I/£j ||H5+°‘(Rk) ||'U] ||H:—Q(Rk)
1

j
2, 1/2

J
2 2
Z ||uj||Hs+a(Rk) Z ”vj”HS—O‘(Rk)
j=1 j=1

el grs+e iy 101l 5 —e v »

IA

where u; = mj(u) and v; = 7;(v) are defined in Definition 5.1. The Cauchy-Schwartz
inequalities in L2(R¥) and R’ have been used in the fourth and seventh lines, respectively.
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To bound the last term, an application of inequality (5.4) for p = g = 2 yields

ol gs—eqny = llu — Ipull gs—«
< Ch®llu — Iyull s oy,
because u — Iyu is zero on X. Setting o = o — s gives
lu — Ipullpsony < Ch® *llulluoquy, s <o <2s.

Another application of (5.4) for p = g = 2 then leads to the second error bound in (5.6).
]

With this, we can prove the following result.

Theorem 5.4 Let M be a smooth 2-dimensional submanifold 0fR3. Assumethat® = ¢ (||-||2)
satisfies 3. 4) witht > 3/2 +2ands = © — 1/2. Let X C M be a discrete set having fill
distance h = hx v sufficiently small and mesh ratio p = px y. Then

Cho=2-20/2=1/9)+ p2As=0)+]
Cho =2 2ARZVD plluf o

lullgo vy, 3 <o <,

| Lnviu — AppueliL, vy < { (5.7)

(M) s <o <2s,
forallu € H°(M) and 1 < g < oc.

Proof The estimate for 3 < o < s is exactly that of [20, Theorem 1]. Theorem 2 of this
reference concerns the error bound for functions at least twice smoother than those in the
native space of ®. Here, we complete this for functions in H° (M), where s < o < 2s. The
argument is mainly based on the error estimate (5.6) for s < o < 2s for pure interpolation
problem. First, since s > 3 we have [s —2(1/2 - 1/g)+]1 —1>[s—1]1—-1=[s]—-2>
4 — 2 = 2. Thus, from sampling inequality (5.3) together with error bound (5.6) we obtain

< Cho 22027 VD 5y o gy,

for s < o < 2s. Next, we can write
lAnu — Lyquellr, ony < 1A — Amlpulle, o + 1L — Amlpull, on. — (5.9)
The first term on the right hand side of (5.9) can be estimated via (5.8) by
Amu — Amlpull, e < Cllu — Ipullw2an
< Ch7 =2 2URZVD ul| oy,

forall s < o < 2s. We note that [pu € H"(M) forall v < 2s — 1, Viylpu € H” (M) for all
v < 2s —2and Vi € HS = (M) for u € H? (M) for all ¢ > s. Here H' (M) = (H" (M))>.
With these and from the details of the proof of [20, Theorem 2], the second term on the right
hand side of (5.9) can be estimated by

I Loaue — Anadgullz, an < Chs—z—z“/z—”q“[(p + D Vaau — Viadgllg-1 gy
+ I1p (Vo) = Vgt g |
The first norm on the right hand side in the above inequality can be bounded via (5.6) as

| Vv — VMI¢M||HJ—1(M) < Cllu — Iyull gs v
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< Ch”*lullgo oy,
which is valid for s < o < 2s. The second norm can be treated as
1y (Vaate) — Vaaullgs=1 gy < ChO D7D Vhgul o1 g
< Ch°ullme aw,
for s < o < 2s. Summarizing all, we finally get
Il Apgu — Lygull L, < Clp + 2)h 27 227VD% | o g,
which completes the proof. O

The error estimate (5.7) can be easily generalized for the case where M is a k-dimensional
submanifold of R¥.

5.1 Stability Analysis

According to (4.1), in order to prevent the instability in numerical solution U%*, time step
At and fill distance h x p might be chosen such that p(Iy + AtLy) < 1, where p(A) is the
spectral radius of matrix A, and I is the identity matrix of size N. If X is any eigenvalue of
Ly this requires Re(X) < 0 and At < 2|Re(A)|/ |A|2. Numerous experimental results in [20]
show that if the surface M is well-discretized, i.e., for sufficiently small values of 4 x py, all
eigenvalues of Ly lie in the left half plane. In additions, the imaginary part is much smaller
than the real part in magnitude. No analytical proof is yet available for this assertion. Thus,
following [20] and our own observations, we conjecture that:

Conjecture 1 Alldiagonal elements of L x are negative and ifthe surface M is well-discretized
then all eigenvalues ). of Lx lie in the left half plane. Moreover, |A| = O(|Re(}1)]).

However, for the second requirement At < 2|Re(X)|/ || which, by accepting Conjec-
ture 1, is now become At < c/p(Ly), for a sufficiently small constant c, we estimate p (L)
in terms of fill distance A x .

Theorem 5.5 Assume that Ly is formed via X = {x1,...,xy} € Xgr with sufficiently
small fill distance h = hyx w1, and assume that the kernel ® = ¢ (|| - ||2) satisfies (3.4) for
T >3/2+2. Then

p(Lx) < ILxllos < Ch2, (5.10)
where p(Ly) is the spectral radius of matrix L.

Proof The first inequality in (5.10) is an elementary result in linear algebra. For the second
inequality suppose that ¢ € RV\{0} is given. Forac € Rwith3 <o < 25,5 =7 — 1/2,
choose a function v € H? (M) such that v(xx) = ¢ for k = 1,2, ..., N. (For example,
the ¢-interpolant of cx-values can be chosen. In this case, o might be any real number with
3 <0 < 2s —1). According to (5.5)

Lxc = (Lyv)y.

Using this and by applying Theorem 5.4 and sampling inequality (5.3) and using the
assumption on quasi-uniformity, we have

ILxelles < NLMVILo
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< NAMYI Loy + 1AMY — Lol Lo v
< llwz on + Ch ol aean
< ChO 3l go oy + Ch 2 [ox llew -

Thus for sufficiently small values of & and using the fact that vy = ¢ we have ||Lxc|l¢,, <
Ch’2||c||goo which leads to the desired bound. o

Corollary 1 Accepting Conjecture 1, the uniform stability condition for Eq. (4.1) is
At = chy ., (5.11)
where c is a sufficiently small constant.

So far we have used the notation u”, n > 0, as an approximation for u(-, #,) which is a
function continuous in x but discrete in ¢. The notation Uy € R¥ has been also denoted
for the approximate solution of full-discrete Egs. (4.1) and (4.2). From here on, the notation
uy e RY will be used when " is sampled at set point X.

Assume that Sy and Sy represent the linear and the nonlinear operators in (2.4) and (2.5),
respectively, such that

un-‘rl — SNSLM”, n= 0’ 17 . (512)

The discrete analogues of these operators are denoted by § I{( and S ff, leading to a refor-
mulation of (4.1) and (4.2) as below

Ut = s&sfur, n=o0,1,.... (5.13)
Since the exact time integration solution has been applied for the nonlinear part, we have
(Snu™)x = S¥u'y (5.14)
for all continuous functions u”. Now, the following lemmas concern the stability of the
approximate solution U;}H.
Lemma 5.6 Under the assumptions of Theorem 5.5 and Corollary 1, we have

X
IU% oo = I1SL Uk llese < 1Ux e

provided that 2At > ( 1 n}(inN |Zkk|)71 where Ly are diagonal elements of Ly.
<K=

Proof Using the last assumption and the fact that Lx has negative diagonal elements, we
have ||Si(||OO = |[Iy + AtLx||coc < At]|Lx|lco. From Theorem 5.5 and using the stability
condition (5.11) we have Af||Lx|lco < C Ath;?M < 1 for appropriate choices of At. This
leads to the desired bound. O

Many experimental results show |£yx| behave like h}ZM which suggests some accessible
values for At in Lemma 5.6. However, experiments show that this restriction on Af is not
actually required. Thus, a new analysis which ignores this restriction will be welcome in
future studies.

Lemma 5.7 Under the assumptions of Theorem 5.5, we have

I\J‘N!

1 0
IUE  lew < B U llen

provided that (5.11) holds.
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Proof First,forn > 0andk = 1,..., N we have

‘ (U)nfﬂ)k | _ (U;(*)k < e% ‘(U;*)k| ’

2A 2A
\/e_EZI + (1 — e_E721> (U}”(*)i

At
| ar
NUE  lew < B2 1UR Nt

leading to

Then Lemma 5.6 and a recursive application for n > 0 yield the desired bound. O

5.2 Convergence Analysis

The convergence analysis at nodal points X is given here. First, we prove the following
lemma.

Lemma 5.8 Ler M be a smooth 2-dimensional submanifold of R3. Assume that ® satisfies
(B4 fort > 3/24+2andlets = t — 1/2. For n > 0 suppose that u” € H® (M) for
3 < o < 2s. For X € X with sufficiently small fill distance h = hx v we have

I(SLu™)x — SFulylle., < CALRT 73 |[u" || go .-

Proof Remember that S; = I + AtApg and Sf = Iy + AtLy, where [ is the identity
operator and I is the N-by-N identity matrix. We can write
I(SLu™)x — Sfulles = lluy + Ar(Apu")x — uy — AtLxuylle,,
= Ar|[(Amu")x — Lxu'y lle.
< At||Apu" — Ly || ooy
< CALR 3 |u" [l 5o

where in the third and in the last lines we have used Eq. (5.5) and Theorem 5.4, respectively.
]

Theorem 5.9 Under the assumptions of Lemma 5.8 we have

lx (1) = Ux g < CU ) Ar + ChT max u® e quy.
SK=n

provided that the stability condition (5.11) holds.

Proof First, by adding and subtracting u}“, we have

1 1 1 1
lux (1) = Ux T e < N (ag1) = g ey + 1™ = U e,

The first term in the right hand side is the total error of the time difference approximation
which itself contains the error of splitting (1.1) into (2.2) and the error of discretizations (2.4)—
(2.5). According to [12] and [6, Theorem 4.1] both errors are of order A¢. More precisely,
we have

1
lux (tnsn) — wy e < CURN g2an) AL,
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where 10 is the initial data function. The second term can be treated as
Y — U = ((SNSLu™) x — SKSEUL e
< I(SNSLu™)x — SF(SLuy) x lew + ISR (SLu™) x — SN SFUL e
At
<0+ e ||(Stu™)x — Sf Uk llen

where in the last line, Eq. (5.14) and Lemma 5.7 are used. To bound the right hand side, we
have

I(SLu™)x — SFUR e < I(SLu™) x — SFulyllen, + I1SFuly — SFUL e,

< CAth"3u" | oy + Ny — Uk lle

where Lemmas 5.6 and 5.8 and the assumption on quasi-uniformity have been used. Conse-
quently, we have

At
1 1 5 -3
lue™ = U ey < €22 (CALRT 7 |u" | 5oy + 1y — Uklley,) -
By induction and using the fact that u?( = U)O( we get
kAt

n+1
n+1 n+1 o3 k =
u -U <CAth max ||u e E?
o T max 1o @ [k§_lﬁ

— CAth3 k B o) ]

= o‘?;f‘é‘n lu" | o vy € e r? — =

< Ch°~3 max ||Mk||HU(M)’

0<k<n

where in the last line the inequality 1/(e®* — 1) < 1/x for x > 0 has been used. Summarizing
all, we get the desired bound. ]
6 Numerical Simulations
This section is devoted to some numerical simulations using the proposed method for the AC

model (1.1). In numerical simulations the sphere, the torus and the red blood cell are used as
surfaces. These 2-dimensional manifolds are defined as below:

M={(x,y,2) e R : x> +y* +2° =17},

2
M={(x,y,z)eR3:<c1_\/m> +22:r12},

2\ 2
2.2 2.2 242
X+ x°+ X<+
M = (x,y,z)eR3:(l—2y) (c‘o-i-Cz( 2y>+04< 2y>) —477=0
) ) ]

For problems in Sects. 6.1 and 6.2 we setrg = 1,r; = 0.3, = 3.91/3.39, ¢p = 0.81/3.39,
c1 = 0.7, co = 7.83/3.39, ¢4 = —4.39/3.39, while for that in Sect. 6.3 we set rop = 0.3,
r1 = 1/16, r, = 3.39/0.3, ¢c; = 0.4 with the same cg, ¢> and ¢4 as before. The unit sphere,
the torus and the red blood cell will be denoted by S2, T2 and B2, respectively.
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Fig.1 PTS points (left) and ME
points (right) on s?

The Matérn kernel (3.5) with v = 5 is employed as a trial kernel. This kernel satisfies
(3.4) with T = 5 which means that it has H>(R?) as its native space [16]. Thus, the native
space of its restriction to the above 2-dimensional submanifolds M is H 43 (MD).

In experiments the shape parameter ¢ = 10 is used. The numerical order of convergence
in spatial and time domains is computed via the following formula

Lold
log (enew )
hoa )’
lOg (hnew )
where e and & represent the numerical error and the fill distance, respectively. The errors are

measured in £+, (X)-norm where X is a set of scattered points on M. The numerical order of
growth of p(Lx) is calculated similarly.

6.1 Test Problems

To show the order of convergence of the proposed scheme, we consider Eq. (1.1) with exact
solution

u(x,y,z,t) =tanh(x +y+z —1), 6.1

for (x, y,z) € S%,¢ > 0Oand E = 1. The right hand side function f is calculated accordingly.
The minimum energy (ME) and the phyllotaxis spiral (PTS) points are used in this example.
These sets of points are quasi-uniform and their fill distance % is of order N~!/2. In Fig. 1
a set of 2601 ME and a set of 2601 PTS points are shown. In Fig. 2, the £, errors and the
orders of convergence in the spatial domain (in terms of /) have been shown for ME and PTS
points with Az = 1078 at time 7 = 0.0001. Theorem 5.4 predicts the rate 4/>~3 = 1% for
smooth solutions. However, numerical results show a better order of convergence. In Fig. 3,
the errors and the numerical orders of convergence with respect to the time discretization are
plotted for both ME and PTS points at different time levels. The theoretical order (Af)! is
confirmed for both cases. In “Appendix”, the MATLAB code of this test problem is given.

Now, we consider the AC equation on torus T2 with the same exact solution (6.1) and
E = 1. To generate (/n — 1)? points on T2, we first consider the natural parameterization
for T? as follows:

x={(c1 +ricos(@))cos(p), y=(c1+ricos(@))cos(p), z=rysin(@), 0=<06,¢p <2m.

In the second round, we have considered 4/n — 1 equally spaced angles w € [0, 27r) and
v € [0, 27), and then take a direct product to gain (y/n — 1)2 points [21]. Figure 4 shows a
set of gridded points on T2. In Fig. 5, the errors and the orders of convergence in both spatial
and time domains are drawn. The numerical order in spatial domain is much better than the
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Fig.3 The maximum errors and orders of convergence on S? in terms of Ar using ME points (left) and PTS

points (right)

Fig.4 Gridded points on T?

theoretical order #°. We observe the same phenomenon in [21] which has been related to
a kind of supperconvergence at collocation points. This requires more in-depth study in a
future work.

Table 1 shows the order of growth of p (L) for different values of N. Results show that
it grows approximately by /=2, which confirm the theoretical bound (5.10).

Here, we support Conjecture 1 in Figs. 6, 7 and 8 where the eigenvalues of differentiation
matrix Ly are plotted for three considered manifolds at different number of collocation
points. We observe that, for fine discretizations, all eigenvalues lie in the left half plane, and
the magnitude of them is of order of the magnitude of their real parts.
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Table}': "{he zum?ricgl. f(1):rder of ME points PTS points
grgwt of p(Lx) for different set N p(Lx) orders p(Lx) orders
points X
121 3.84e+1 - 3.94e+1 -
484 2.44e+2 —2.67 2.56e+2 —2.70
1936 1.07e+3 —2.13 1.19e+3 —2.22
7744 4.38e+3 —2.04 5.04e+3 —2.08
Fig.6 Eigenvalues of Lx on the ’ N=441 1 N=961
unit sphere and PTS points = =
= 0 = 0
-1 -1
-300 200 -100 O 600 -400  -200 0
Re(\) Re(A)
N=1681 N=2601
1 1
= =
0 o
1 1
-1500  -1000  -500 0 2000 -1500 -1000 -500 0
Re()\) Re()\)
0.05 . N=3721 0.05 - N=5041
= i = 5
L B L

-0.05 -0.05
3000 -2000  -1000 0 -4000 -3000 -2000 -1000 0
Re()\) Re())

6.2 Motion by Mean Curvature on Surfaces

As first example, consider Eq. (1.1) on S? with the following initial condition [11].

VX2 +y2—z
V2E )7

for E = 0.1. This test is an example of the well-known motion by mean curvature on the unit
sphere [11]. According to (5.11), to guarantee the stability of time discretization, and to have
a comparison with the results of [11], we set At = 0.416h2. Figure 9 shows the numerical
solution at t = 800At and t = 1600A¢ with N = 2601 ME points. The plots for PTS points

u(x,y, z,0) = tanh (x,y,2) €S?, 6.2)
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Fig.8 Eigenvalues of Lx on the torus and gridded points

t=20

t = 800At

t = 1600At

Fig.9 Motion by mean curvature on S? with initial condition (6.2)
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ee222°2

t=0 t=2At t = 300At t = 600At t = 1500At t = 1800At

Fig. 10 Motion by mean curvature on T2 with initial condition (6.3)

000000

t=At t = 120At t = 280At t = 360At t = 400At

Fig. 11 Motion by mean curvature on T2 with initial condition 6.4)

which are not shown here are the same. These results are in good agreement with those given
in [11].
In the second example, we consider Eq. (1.1) on T? with the following initial condition

[11].

+1, Vx2+72 <12 & y+z>0.1,

—1, otherwise 63)

”(X,y7270)={

Numerical results are obtained for E = 0.0384, Ar = 1.05h2, 6561 gridded points, and
depicted in Fig. 10 at t = 2A¢, t = 300A¢, t = 600At, t = 1500A¢ and ¢ = 1800A¢. Our
results are in good agreement with those given in [11].

In the third example, we consider Eq. (1.1) on T2 and on B? with the following initial
condition [11]:

+1, /(x —0.7)2 +0.25y2 < 0.25 & z > 0,

6.4
—1, otherwise. 64

u(x,y, z,0) = {

Numerical solutions are obtained on T2 for same parameters as in the second example, but
given in time levels ¢+ = 120A¢, t = 280At, t = 360At, t = 400Af and t+ = 600A? in
Fig. 11. The results on B? are obtained with N = 6561 ME points (see Fig. 12) and depicted
in Fig. 13. According to the results here and those in [11], the motion by mean curvature can
be described as the interface approaches a circle before disappearing, when the steady state
is approached.

In the fourth example, we consider Eq. (1.1) on T? with the following initial condition
[11]:

+1, Vx2+y2 <09 & z >0,
u(x,y,z,0) =1 +1, V/x24+y2>07 & 7 <0, (6.5)

—1, otherwise.

Numerical solutions are obtained for the same values of numerical parameters as in the
second example, but given at time levels r = At, t = 1500A¢, t = 2100At, t = 5700A¢
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Fig. 12 ME points on red blood
cell B2

t=20 t=At t =120At t = 280At t = 360At t = 400At

Fig. 13 Motion by mean curvature on red blood cell B2 with initial condition (6.4)

000000

t=20 t=At t = 1500At t =2100At t=5700At ¢t = 6000At

Fig. 14 Motion by mean curvature on torus T2 with initial condition (6.5)

and r = 6000A¢ in Fig. 14. Results are in good agreement with [11]. By increasing time, the
interfaces shrink by mean curvature, and it reaches to the steady state solution.

6.3 Phase Ordering on Surfaces

In this example, we consider Eq. (1.1) on sphere, torus and red blood cell surfaces with the
following initial condition [48]:

u(x,y,z,0) = 0.01 - rand(x, y, 2),

where rand(x, y, z) denotes for a uniformly distributed random number between —1 and 1.
This example shows the phase ordering on surfaces which can be observed in ranging from
nonequilibrium statistical physics and hydrodynamic theories to cell biology [11]. We set
E = 0.02 and Ar = 107>, In Figs. 15 and 16 the processes of phase separation at times
t = 0.005, + = 0.025 and ¢ = 0.05 are shown with N = 2601 PTS points on sphere and
torus, respectively. These numerical simulations can be verified by the analogous results in
[48].

In additions, we obtain the numerical solution with N = 3721 ME points on the red blood
cell. Figure 17 illustrates the phase separation at times r = 0.005, ¢t = 0.025 and ¢ = 0.05.
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t=0 t=0.005 t=0.025 t=0.05

Fig. 15 Phase separation on sphere with a random initial condition

t= t=0.005 t =0.025 t =0.05

Fig. 17 Phase separation on red blood cell with a random initial condition

7 Conclusion

A numerical solution for the nonlinear time-dependent Allen—Cahn equation on surfaces was
obtained using a kernel collocation method in combination with an explicit time splitting
algorithm. The convergence analysis of the method was given for functions in appropriate
Sobolev spaces defined on surfaces. Some numerical simulations on spheres, toruses and red
blood cells were performed to confirm the capability of the presented method.

Acknowledgements The second author was in part supported by a Grant from IPM, No. 96650427. The
authors are very grateful to reviewers for carefully reading this paper and for their comments and suggestions
which have improved the paper.

Appendix

Here, we provide a sample MATLAB code for simulating the Allen—Cahn equation on the
unit sphere. Parts related to the approximation of the Laplace—Beltrami operator are borrowed
from [20]. The subroutine for generating the minimum energy points should be provided by
user.
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%% Exact solution u and right-hand side function f

Uexact = @(x,y,z,t) -tanh(-x-y-z+t);

f = @e(x,y,z,t,E) -1+tanh(-x-y-z+t) . 2+ (4*x((x."2+(-y-2) .*x+y. 2+2.72-y .%z) .*...
tanh (-(x+y+z) ./sqrt(x. 2+y. 2+2z.72)+t) -(1/2) *sqrt (x."2+y."2+2.72) .x...
(x+y+z))) .x(tanh (- (x+y+z) ./sqrt(x."2+y. 2+z.72)+t)+1) .*(tanh (- (x+y+z) ...
L/sqrt(x.72+y."2+z.72)+t) -1) . /(x."2+y."2+2."2) ."2+(-tanh (-x-y-z+t) .3
+tanh (-x-y-z+t))/E"2;

%% Matern RBF

phi = @(r,e) exp(-e*r).*(15+15xe*xr+6%(e*r) . 2+(e*r) . 3);

dphi = @(r,e) -e"2%exp(-exr).*((e*r). 2+3*e*xr+3);

%% Minimum energy points on the unit sphere

N=2601; % The number of collocation points

X=ME_points(N); % Collocation points as a vector with N %3 dimension

%% Constant parameters

E=1; % gradient energy coefficient

dt=1e-8; % time step

T=0.0001; % final time

NT=T/dt; % number of time intervals

ep=10; % RBF shape parameter

%% Normal vector at collocation points - not specific to the sphere

nr(:,1) = X(:,1)./sqrt(X(:,1).72+X(:,2) .72+X(:,3).72);

nr(:,2) = X(:,2)./sqre(X(:,1).72+X(:,2).72+X(:,3).72);

nr(:,3) = X(:,3)./sqrt(X(:,1).72+X(:,2).72+X(:,3).72);

%% Compute the Surface Laplacian - not specific to the sphere

xij = repmat(X(:,1),[1 N]); xij=xij-xij.’; nxi=repmat(nr(:,1),[1 N]);

yij = repmat(X(:,2),[1 N1); yij=yij-yij.’; nyi=repmat(nr(:,2),[1 N1);

zij = repmat(X(:,3),[1 N]); zij=zij-zij.’; nzi=repmat(nr(:,3),[1 NI);

r = sqrt(xij."2 + yij."2 + zij."2);

A = dphi(r,ep);

DPx = ((1-nxi.~"2).*xij - nxi.*nyi.*yij - nxi.*nzi.*zij).x*A;

DPy = (-nxi.*nyi.*xij + (l1-nyi."2) .*yij - nyi.*nzi.*zij).*A;

DPz = (-nxi.*nzi.*xij - nyi.*nzi.*yij + (1-nzi."2).*zij).*A;

A = chol(phi(r,ep)); Gx = (DPx/A)/A.’; Gy = (DPy/A)/A.’; Gz = (DPz/A)/A.’;

LX = Gx*Gx+Gy*Gy+Gz*Gz; 7’ Surface Laplacian

%% Time integration - not specific to the sphere

U0 = Uexact(X(:,1),X(:,2),X(:,3),0); 7% Initial condition

for n = 1:NT
t = nxdt;

Ustar = UO + dt*LX*U0 + dt*f(X(:,1),X(:,2),X(:,3),t-dt,E);
UO=Ustar./sqrt (exp (-2*xdt/E"~2) +(Ustar) . 2.*x(1-exp (-2xdt/E"2)));
end

%% Interpolate the solution to a grid on the sphere using RBFs

sph = @(la,th) [r*sin(la).*cos(th) r*sin(la).*sin(th) rxcos(la)l;

sz = [100 100]; M = prod(sz); 7/ surface grid parameters

[11,tt] = meshgrid(linspace(0,pi,sz(2)),linspace(0,2*pi,sz(1)));

xx = sph(11(:),tt(:));

re2 = (repmat(xx(:,1),[1 N])-repmat(X(:,1).°,[M 11))."2;

re2 = re2+(repmat(xx(:,2),[1 N])-repmat(X(:,2).’,[M 1]1))."°2;

re2 = re2+(repmat (xx(:,3),[1 N])-repmat(X(:,3).’,[M 11))."2;

yy = reshape(xx(:,2),s2z);

zz = reshape (xx(:,3),s2);

xx = reshape(xx(:,1),s2z);

%% Figure of approximation solution on the sphere

uu = reshape (phi(sqrt(re2),ep)*(A\(A.’\U0)),sz);

figure, surf(xx,yy,zz,uu);

shading interp; daspect([1 1 1]);
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