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Abstract

In this paper the error analysis of the kernel collocation method for par-
tial differential equations on the unit sphere is presented. A simple analysis is
given when the true solutions lie in arbitrary Sobolev spaces. This also extends
the previous studies for true solutions outside the associated native spaces.
Finally, some experimental results support the theoretical error bounds.

Keywords: Partial differential equations, Collocation method, Zonal ker-
nels, Sobolev spaces, Error analysis.
Mathematics Subject Classification (2010): 65N12, 65N15, 65N35, 41A63.

1 Introduction

Kernels are widely used for fitting a surface to scattered data arising from sam-
pling an unknown function defined on S¢ = {z € R : ||z|; = 1}. This is a
basic building block for constructing meshfree numerical methods for solving partial
differential equations (PDEs) on S¢ which is an area of growing interest with applica-
tions to physical geodesy, potential theory, oceanography, and meteorology. Among
all numerical methods for PDEs, the collocation method which samples the input
operator at a predetermined set of scattered points, appears to be the simplest one.
We address the Galerkin and the Petrov-Galerkin methods as other well-established
methods for discretizing and solving some spherical PDEs [10, 16, 13]. The major
advantage of collocation method over Galerkin-type methods is the minimization of
the computational effort with respect to quadrature, since for each degree of freedom



only one point evaluation at a so-called collocation point is required. This property
constitutes a significant advantage for applications on surfaces where constructing
an efficient quadrature and forming the stiffness matrices are rather costly.

We should mention that the RBF collocation method for solving PDEs on
bounded Euclidian domains has a rather longer history, starting from a couple of
papers by Kansa for problems in fluid dynamics [8, 9]. The approach of Kansa is
also called the unsymmetric RBF collocation method and has been widely used for
many types of PDEs thereafter. However, it was shown in [7] that this method may
lead to nonsolvable systems in some rare situations. By changing the setting to a
least squares approximation, a general error analysis for unsymmetric collocation
methods in provided in [23, 24]. On the other hand, the symmetric RBF collocation
method, known also as generalized Hermite interpolation, was introduced in [28, 19].
The first error bounds were obtained in [2, 3]. See also [5, 26, 27] for some newer
sources.

In this paper we analyze the numerical solution of PDEs on the unit sphere
by collocation at scattered data points with restricted kernels. The restriction of a
positive definite kernel from R4! to any submanifold (such as S¢) is a simple way for
obtaining a positive definite kernel on the submanifold [4]. In [12, 14] the collocation
method based on the generalized Hermite interpolation on the sphere is investigated
while in [11] both standard and Hermite based methods are studied. If the PDE is
posed on the whole sphere without boundary conditions then both methods have the
same structure with different trial kernels. Thus the error analysis and stabilities are
the same. In the above sources the error bounds have been provided for PDEs with
true solutions in some specific Sobolev (native) spaces. In [21], the error analysis is
performed for the Galerkin method and the error estimate for collocation method is
obtained from that for the Galerkin method. The analysis covers a wider range of
Sobolev spaces smoother than the native space of the trial kernel.

In this work we give an analysis special for the collocation method which on the
one hand seems to be simpler and on the other hand extends the previous analysis
for true solutions come from arbitrary Sobolev spaces either smoother or coarser
than the native spaces.

The organization of the paper is as follows. In section 2 we review some tools for
approximation theory on the unit sphere. In section 3 the kernel collocation method
is discussed. The error analysis is given in section 4, and the experimental results
are reported in section 5.



2 Basis functions and spaces on the unit sphere

In this section some preliminary results about polynomials on the sphere and about
spherical basis functions (SBF's) are reviewed. Then the Sobolev spaces associated
to some SBFs are briefly addressed. The section will end by a short description
about a class of restricted kernels on the unit sphere.

We start with spherical harmonics which are basic tools for approximation the-
ory on the sphere. Spherical harmonics are restrictions to the unit sphere S of
polynomials Y which satisfy AY = 0, where A is the Laplacian operator in R
The space of all spherical harmonics of degree £ on S? is denoted by H¢, and has an
L+ orthonormal basis

{Yo, :k=1,...,N(d,0)},
where
(20+d—-1)T(l+d-1)
['(¢+1)I'(d) ’

where I' is the known Gamma function. The space of spherical harmonics of order

m

d

- P
=0

with dimension N(d + 1,m). It is known that the spherical harmonics are the

N(d,0)=1, N(d ()=

0>1,

m or less will be denoted by

eigenfunctions of the Laplace-Beltrami operator A, and every function v € Ly =
Ly(S?) can be expanded as

co N(d,0)

u= Z Z U Yo, g, = i YZkUdU

(=0 k=1

where wy denotes the surface area of S? and do is the surface measure of the unit
sphere. The Ls-norm of u given by the formula

Jul2 := / ul?do,
sd

can also be expressed, via Parseval’s identity, as

0o N(d,0)
lallg =2 > laal*
=0 k=1
Finally, we note that
N d,?
Z Yor () Yar(y (w )Pe(d+1;$T?/), (2.1)
d



is the known addition formula for spherical harmonics. We refer the reader to [1, 15]
for more details.

Next, we explain the approximation space used in this paper. This space is
formed via so-called zonal kernels.

Definition 2.1 A kernel ® : S x S* — R is called zonal if ®(x,y) = ¢(xTy) for all
x,y € S¢, where ¢ is a continuous univariate function on [—1,1].

We are specially interested in zonal kernels of the type

O(z,y) = d(@"y) = > aPi(d+1;2"y), a >0, ar < oo,
=0 =0
where {Py(d + 1;1)}72, is the sequence of (d + 1)-dimensional Legendre polynomials
normalized to Py(d+1;1) = 1. In [25] and [29] it was proved that such ¢ is positive
definite on S?. Using the addition formula (2.1), the kernel ®(x,y) may also be
expressed in terms of spherical harmonics as

o N(d0)
(=0 k=1
where "
TN d
0= 3™
If we assume that for some o > d/2,
co(1+ 072 < H(0) < Co(1+6)7%, (>0, (2.3)

holds for specific positive constants ce and Cg, then the native space associated to
® is norm equivalent to H° = H?(S%), the Sobolev space of order o on S?. If fact,
the native space N = Np(S?) is defined by

Np = {u e D/(SY) : [|ul = 2; ; Sy < oo},

where D'(S?) is the space of distributions on S?. It can be shown that N is a
Hilbert space with respect to the inner product

Moreover, ® is reproducing kernel for N, i.e., for all u € Ny,
(u, ®(x,)) e = u(z), xS
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On the other hand, the Sobolev space H? with real parameter o is defined by

( b
H’ = H°(S%) := {u e D (SY : ul? = Z Z 1+ 0% |ag)? < oo}
(=0 k=1
Thus, under condition o > d/2, due to the definitions of Ng and H° and condition
(2.3), we have
callully < [lull5 < Callulls,

which means that My and H° are norm equivalent.

A class of basis functions which satisfy condition (2.3) for some o can be obtained
by restricting the positive definite kernels from R to S?. If the original kernel is
positive definite, so is its restriction to S¢, making it well-suited for scattered data
interpolation problems on S¢. This type of kernels has been studied in [20, 17, 30]
while the general case, concerning an arbitrary submanifold, has been investigated
in [4]. Let’s make it more precise. Assume that S is a radial basis function on R4+!,
i.e. there exists a univariate function ¢ such that S(z) = ¥(]|z||2) where || - |2 is
Euclidian norm in R, Since for points x,y € S? we have ||z — y|l2 = /2 — 22Ty,
we may therefore define

O(z,y) = ¢(a"y) == (V2 —22Ty) = (lz — yl]) = S(x —y), z,y €S

It is clear that @ inherits the property of positive definiteness from S. In [17] it was
proved that if ® is represented in the form (2.2) then the Fourier coefficients éﬁ\(ﬁ)
satisfy the decay condition (2.3) for some o > 0. To be more precise, if we assume
that the radial basis function S has H®(R%*1) as its native space, which is equivalent
to this fact that its (d + 1)-variate Fourier transform S(w) behaves like

L+ [lll3)™", weR™,

for s > 4L then @ (the restriction of S on S%) generates H*~1/2(S%), i.e. its Fourier

coefficients satisfy (2.3) for ¢ = s — 3. In the general case, when S is restricted

to a k-dimensional smooth submanifold M¥ C R then the native space of the
restricted kernel is H*~(4+1=F)/2(MF). See [4, Theorem 5].

3 Collocation method

We consider a general PDE problem
Lu= f on S (3.1)

where L is a self-adjoint differential operator of order x, for some x > 0, and f is a
given known right hand side function. The unknown function u is assumed to lie in
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a proper Sobolev space which will be determined explicitly below. In additions, we
assume that Lu is expressed as a Fourier series

0o N(d,0)
Z Z L(0)we Yo,
k=1 k=1
in which
(14 0F <E(0) <L +0F, €30, (3.2)

where ¢y, Cp are two positive constants independent of ¢. This means that L is
strongly elliptic. For example, for special case L = —Ay + w?] we have Z(E) =
((l+d—1)+w? and k = 2. Although the method can be successfully applied
on even more general cases, our assumptions above pave the way to analyze the
method, perfectly.

Assume that @ is a kernel that satisfies condition (2.3) for some o > d/2. Suppose

X:{l‘l,l'g,...,l‘N}CSd

is a given discrete set of scattered points on the unit sphere S¢. The numerical
solution

N
UN = UN,®,X = Z b;®(-, ;)
j=1
from the trial space

Vo x :=span{®(-,z;) : z; € X}

is simply determined by collocation conditions
Lun(xg) = f(zx), k=1,...,N. (3.3)

This leads to the linear system
Ab = F, (3.4)
where A = (ay;) is a (N x N)-matrix with ax; = (LO(-,z;))(xk), k,j =1,..., N,
and F' = (f;) is a N-vector with fr = f(zx), k=1,..., N.
If ® is a zonal kernel represented by the Fourier series (2.2), then L® is a zonal
kernel having the Fourier expansion

N(e

Z (0)Yor(z)Yer (y)- (3.5)

=0 1

Q@..

B
Il

The collocation matrix A is formed via kernel

Az, y) = (LO(-, y))(x)
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which is a positive definite kernel provided that ® is positive definite, because from
(3.5) the Fourier coefficients of kernel A(z,y) are X(@) = gg([)f(é) Thus we have
the following Theorem from [11]. Before that, to shorten our presentation we collect
global assumptions on differential operator L and trial kernel ® that we will employ
almost throughout the rest of the paper.

Assumption 3.1 Let L be a self-adjoint differential operator satisfying (3.2) for
positive integer k, and ® be a positive definite spherical basis function on S¢ satis-
fying (2.3) for o > d/2+ Kk/2.

Theorem 3.2 Under the Assumption 3.1, there exists a unique function un € Vo x
that fulfills the conditions (3.3).

Since the final linear system is positive definite (and sparse for compactly supported
kernels), special and fast linear algebra solvers can be used in practical situations.

4 Error Analysis

This section is devoted to convergence analysis of the collocation method of preced-
ing section. The final error bounds are applicable for solution u in Sobolev spaces
H" for k < v < 20 where & is the order of L and o is the smoothness index of kernel
® which is determined by (2.3). The errors are measured in Sobolev norms || - ||
for k < f < min{y,0 + k/2} and = 0.

At the starting point, we express the relation between appropriate norms of
w and Lu for differential operator L. Although this is a well known property of
Sobolev spaces and is also mentioned in passing in [11], we bring a proof for readers
conveniences.

Theorem 4.1 If L satisfies (3.2) for a positive constant k and w € H™ for T > Kk,
then Lu € H™™" and there exist constants ¢ and C' such that

c ||u||u < ||Lu||“_,{ <C ||u||u (4.1)

hold for any p with k < pu < 7.



Proof. Using the definition of norms by Fourier series we have
s N(d0)

ILull? =)0 > (1 +0)20 ) (L) |

=0 k=1
co N(d,0)

Z (1 + )29 | L(0) Ty, |
(=0 k=
o0 N(dz

<CIY D (140w

(=0 k=1

= Ctllull

where we have used condition (3.2) to bound L(¢). On the other hand we can write

¢]
lullf = " (L )i

=0 k=1
| o NE

<Y (0Lt
‘L =0 =1
1> N(d,f)

<5 D0 > (402 (L)
‘L =0 k=1
1 2

= g |Lu”ufn7

where we have again used condition (3.2) to bound z(f) [

Now, following [11], we introduce a new positive definite kernel
U= L1
This kernel has Fourier coeflicients {D\(E) = A(f) / E(E) and defines the inner product
4

s N(d,0)
(
(u,v)y := —
2 2 G

with the corresponding norm HuH?I, = (u,u)y. Under the Assumption 3.1, we can
prove that

>

; kl)gk, u,v € HU+H/2, (42)

CH“”U-H%/? < lulle < O||U||a+;-;/27 (4.3)
with ¢ = /¢, /Cs and C' = /C/ce, which shows that || - ||g norm is equivalent to
the Sobolev norm || - ||51x/2, and the Sobolev space H 7+6/2 with the inner product

(4.2) is a reproducing kernel Hilbert space with kernel W, provided that o + /2 >
d/2.

The lemma below shows that uy is the best approximation for u out of Vg x in
| - |[¢ norm. The proof can be found in [11, Lemma 4].

8



Lemma 4.2 Under the Assumption 3.1, if u € H°**/? and uy € Vp x is the solu-
tion of the collocation method then

(u—wupn,s)y =0 forall s € Vp x,

and hence
v —unllo < [Jullw. (4.4)

The norm equivalence property (4.3) together with (4.4) give the stability bound

Cllu — uyllw
Cllully (4.5)
ClJt]| g4 2-

[ = unlors2

NN IN

The order of convergence of kernel methods are mainly based on the density
and the quality of trial and test points. There are three geometrical quantities
associated with X. The separation distance qx is the radius of the largest ball that
can be placed around every point in X such that no two balls overlap, i.e.

:= —mindist(x; .

ax min dist(;, z)

On the other hand, the fill distance corresponds to the radius of the largest empty
possible ball that can be placed between the points in X. It is mathematically
defined by

hx := max min dist(x, z;).
xeSd z;eX

Finally the mesh ratio rx is defined by

rx = ,
dx

which measures how uniformly the points are placed. When it is close to 1, the
distribution of the points in X is said to be quasi-uniform. For R > 1, let X =
Xr(S?) be the family of all sets of centers X with ry < R; we will say that the
family X is R-uniform.

The following “sampling inequality” or “zeros lemma” has been proved in [16]
by applying Theorem 5.5 of [18].

Lemma 4.3 Let a, 3 € R satisfy § > d/2 and 0 < a < 8. Suppose that X C S is
a set of scattered points with fill distance hx. If u € HP satisfies u|x = 0, then for
hx sufficiently small, we have

lulla < OB ullp.

9



Let us prove the first theorem which is applicable only for functions w in H7*%/2,
In the sequel we generalize this result to a wide range of Sobolev spaces.

Theorem 4.4 Under the Assumption 3.1, if T := 0 + k/2 and uny € Vg x is the
solution of the collocation method then for all w € HT the error bound

lu = unlls < Ch 7 ull-, (4.6)
holds for k < f < 7 and for sufficiently small fill distance hx of set X on S°.

Proof. By applying Theorem 4.1, Lemma 4.3 (by replacing u by Lu — Luy) and
inequality (4.5) we have for k < S < 7

lu —unlls < Cl|Lu = Lun|ls-x
< OhY || Lu — Luy ||,
< O u— uylls
< Chy Pl
which complete the proof. [ ]

Now, we aim to estimate the error for approximating functions smoother than
those in the native space H™ of kernel . A “doubling trick” will be applied in the
case where u € H™** for real numbers « € [0, 7]. First, we measure the error in the
| - ||- norm and then we extend it to the || - || norm for real numbers § € [k, 7].

Lemma 4.5 Under the Assumption 3.1, if T := 0 + k/2 and o € [0, T — K] then
[ = unll> < Ch%|[u]lr1a;
provided that hx is sufficiently small and uw € H™™*,

Proof. By Lemma 4.2 we have (u — uy,s)y = 0 for all s € Vyx. Consequently,
(u — un,un)y = 0 which implies [|u — uy|% = (u — uy,u)y. Let e :=u —uy. We

10



Ju— 2 < 2~ un
L
Cip Co SN Ty . —
= —<€,U>\1/ = —Z = UpkCrk
L L o = o)
s N(d0)
CsC o =
< ki LZ (1+£) UpkErk
CoCL V=5
oo N(d,0)
CeC
<=EN O A+ O |1+ 07 En
CoCL 5 —
R R (0 V2 1 o N
oL L TH+a 2 2(T—a) 2
<0 (SN o] (523 oo
ColL \ '\ 25 = —0 k=1
CsCh,

HUHT-&-aHQHT—a

P
jReNes

CoCr,

[ullrallu —un|lr—a;
where (4.3), (3.2) and (2.3) are applied in the first and third lines. On the other
hand we can write

|lu —un|lr—a < C||Lu— Luy||;—a—x (using Theorem 4.1 since o < 7 — K)
< Ch% || Lu — Luy||—, (using Lemma 4.3 since 7 > d/2 + k)
< Chlu — upy || (using Theorem 4.1)

Combining the two recent inequalities and then dividing both sides by ||u — ux||~
yield the desired bound. [

Theorem 4.6 Under the Assumption 3.1, if T := c+£k/2, 6 € [k, T] and v € [T, 20]
then
lu = unllp < CRY|ull,, (4.7)

provided that hx s sufficiently small and v € H”.

Proof. By applying Theorem 4.1 and Lemma 4.3 we have

lu —unllpg < C|Lu— Lun|g—s (using Theorem 4.1 since § > k)
< ChYP||Lu — Luy|—. (using Lemma 4.3 since 7 > d/2 + k)
< ChY P |lu — unl|,. (using Theorem 4.1)
An application of Lemma 4.5 for v = v — 7 then gives the desired bound. |

11
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We note that, the same error bound has been proved in [21, Theorem 6.3] using a
different approach which uses well-known knowledge on the Galerkin method. The
analysis is based on an observation that the collocation method can be viewed as a
Galerkin method, due to the reproducing kernel property of the space in use. Our
proof above is different and in addition the following theorem concerns the case
v < 7, i.e. the case where u lies outside the native space H™ of kernel .

Theorem 4.7 Under the Assumption 3.1, let 7 := o + k/2, v > d/2 + Kk and
k< PB<y<T1. Then for all w € H” we have

lu = unlls < Cr B lully, (4.8)
provided that hx is sufficiently small. Here rx is the mesh ratio of set X.

Proof. Remember that Luy can be viewed as the A-interpolant of function Lu where
A = L®. Inspiring from (3.5), the inner product on Ny is defined by

0o N(dt
u v = E g = Wk;vék,
o L

with the corresponding norm ||u||% := (u,u)s. Under the Assumption 3.1, we can
prove that

cllulloksz < llulla < Cllulle—ry2,

which shows that if o — k/2 > d/2 then H°~*/2 is A reproducing kernel Hilbert
space and norms || - || and || - ||,—x/2 are equivalent.

By assumptions 7 > d/2+kand s < <y < 7. Let y =7 —k, 3= — K and
T =7 — k. Since d/2 <5 < 7, [18, Theorem 5.5] yields

|ILu — Luylls < Cry "y | Lully = Oy "By | Lulls,

because ¥ — f =~ — B and 7 — 5 = 7 — v. Now, by applying Theorem 4.1 and the
above inequality we have

< C||Lu — Luyl||z

< O Ll
< Cry

X R P alls,

lu = unl|s

which proves (4.8). [
If we work with R-uniform family of centers, i.e. X € AR, then in inequality
(4.8) we can replace rx by R to get the bound

lu = unlls < Ca W "llull, (4.9)

12



where Cry 7 < CR™™7 =: Cy,,.

An Lg-error bound follows trivially. From Theorem 4.1 we have ||Lu — Luy||p <
Cllu — unl|x. Combining this with the special case f = k in (4.7) and (4.9) for
X € X, we simply have

|Lu — Lun|lo < ChY "|lully, d/24+ Kk <y < 20.

On the other hand we have |[u—uy||lo < C||Lu— Luy||o. Thus the following Ls-error
bound can be deduced,

lu —unllo < ChY "llully, d/2+k <7y <20, (4.10)

for all u € H” satisfying (3.1). Although |lu — unljo < C||Lu — Luyl||o is a coarse
estimate, the same example as that is given in [11, Lemma 6] shows that (in general)
the error bound (4.10) is sharp not only for v = o + £/2 (the case in [11]) but also
for all v € (d/2 + &, 20].

Here we discuss about the generalized Hermite collocation method for PDE prob-
lem (3.1) where the approximation space

We x :=span{L®(-,z;), z; € X}

is used instead of Vg x and the numerical solution

N
unN = UN,X,<I> = Zb]L(I)(,.Z'])

J=1

is obtained by enforcing the collocation conditions (3.3). This leads to linear system
Ab = F where ay; = LL®(zy,xj), k,j =1,...,N and f; = f(zx), k =1,...,N.
In the case of the sphere (since there exists no boundary) this method is equivalent
to the previous one by replacing ® by L®. The auxiliary kernel ¥ will be ¥ =
LY (L®) = ®. Since the Fourier coefficients of L® behave like as (1 + £)~2=#/2)
rather than (1 4 ¢)7% for ® itself, we just need to replace ¢ in the above analysis
by ¢ — /2 to end with the following corollaries.

Corollary 4.8 Assume that uy € We x is the collocation solution for (3.1) where L
satisfies (3.2) and ® satisfies (2.3) foro > k+d/2. Let § € [k, 0] andy € [0,20—K].
Then the error bound

lu = unlls < CHY|lull,,

holds provided that hx is sufficiently small and uw € H7.

13



Corollary 4.9 Assume that uy € We x is the collocation solution for (3.1) where L
satisfies (3.2) and ® satisfies (2.3) foro > k+d/2. If vy > d/24+k andk < f <y < 0
then for all w € HY we have

lu = unlls < Cr R ully,
provided that hx s sufficiently small.

Also, the Lo-error bound (4.10) can be rewritten similarly for collocation solution
uy € Ws x. The only difference is that the rage of v should now be changed to
d/2+ Kk <7y <20 — K.

We remark that the Sobolev norm ||u||, on the right hand sides of the all above
error bounds can be replaced by || f||,— by applying the norm equivalence property
(4.1). This makes the measurements more accessible because f is a known function
while v is the unknown solution.

We close this section by noting that if n is a nonnegative integer such that
f > n+ d/2, then using the Sobolev Imbedding Theorem we can rewrite error
bounds (4.6), (4.7), (4.8) and (4.9) with the error measured in the norm of C™(S%)
rather than in the Sobolev norm || - ||z . In particular, if n = 0, then we can bound
the pointwise error.

5 Numerical experiments

Consider equation (3.1) on S? where L = —Ag + I. In order to test and verify the
theoretical error bounds of preceding section we need to construct a finitely smooth
true solution u for (3.1). Let {&1,...,&u} be a set of M points on S? and define

M
u(zx) == Z broa(V/2 — 22TE,), x €S
k=1

for some known coefficients b, where

Pa(r) = (er)* 72 Ko spn(er)

is the well-known Matérn kernel. Here K, is the modified Bessel function of the
second kind of order . Let v = (u+2)/2. Since ¢, produces H%(R?), its restriction
to S? produces H*~1/2(S?). Then [13, Lemma 8.3] can be applied to show u € H(S?)
for any v < pu. We write u € H*~¢ where € > 0 is arbitrary small real number. We
use various a’s to verify the error bounds (4.6), (4.7) and (4.9). In experiment the

14



shape parameter ¢ = 2 and a set {&,...,&00} of scattered points on S? [22] are
used. Moreover, we set

b=(0.1,-0.2,04,0.3,-0.1,-04,0.3,-0.5,0.1,0.2), b= (b,—b,b,...,—b).

VvV
10 times

The right hand side function f is calculated, accordingly. The Wendland’s kernel
O(x) = (1 — [|lo[l2)S (35]|= (13 + 18[Jz[ls + 3), = € R,

restricted to S? is employed to form the trial space. This kernel satisfies (2.3) with
o = 3.5. Since 7 = 0 + k/2 = 4.5, the constructed solution u is less smoother
than HT functions (u is outside the native space of ¥ = L7'®) if y < 4.5 or
a < 3.25. Otherwise, u is smoother than the functions in H™. Since u € H*~€ the
error bounds (4.6), (4.7) and (4.9) predict the order y — € — § if the error function
en = u — uy is measured in || - || norm. We assume [ = 2 and approximate
the error |len||2 by |lex + Agenllo where the Ly error is computed via a spherical
quadrature on S? adopted from [6]. The equal area partitioning algorithm [22] is
used to generate the sets of scattered quasi-uniform points on S? that are used as
trial and test (collocation) points. Results are given in Table 1. Since for X in a
family of R-uniform sets on S? we have hx = O(N~'/2), the numerical orders are

1 ( | 01d||2> /1 new ’
| €new |2 Noia

row by row. The theoretical orders are shown in the last row of Table 1. As we see,

computed via

the numerical orders confirm the theoretical ones, approximately. In the first case
(o = 3) the true solution is outside the native space of ¥ (or H*?), thus the error
bound (4.9) is applicable. The last column shows that the order of convergence is
saturated at full order 20 — 8 =7 — 2 = 5 even if u is smoother than H”.

6 Conclusion

This paper concerns the error analysis of the kernel collocation methods for partial
differential equations on the unit sphere S¢. Restricted positive definite kernels from
R+ into S are used and the analysis is given for functions in wider range of Sobolev
spaces. The experimental results support the theoretical bounds.
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