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which are discretized with sets of scattered nodes and with approximations to normal
vectors at each of the nodes. The accuracy, stability and efficiency of the new method are
studied through some theoretical and experimental results. This method is a localized RBF
based technique, results in a perfectly sparse final linear system, uses only scattered nodes

I]Sc/l‘?:irs:sis function (RBF) on the surface rather than a connected mesh, and is applicable for a large class of PDEs
Partial differential equations (PDEs) on manifolds. Applications to some biological and chemical reaction-diffusion models are
Surface PDEs also given. Results show that the new method outperforms other comparable techniques
Partition of unity (PU) for surface PDEs.

D-RBF-PU method © 2023 The Authors. Published by Elsevier Inc. This is an open access article under the CC

BY license (http://creativecommons.org/licenses/by/4.0/).

1. Introduction

Radial basis function (RBF) approximation is a powerful tool for reconstructing an unknown function from its given scat-
tered data values [7,56]. This approximation has become increasingly popular for solving partial differential equations (PDEs)
and other applications due to its easy implementation, high-order convergence rates and its ability to handle scattered node
layouts on arbitrary domains [16,18]. In this paper we focus on solving surface PDEs using a new technique based on this
interesting approach.

Solving PDEs on surfaces have received growing interest due to some applications in meteorology, geometry, biology,
image processing, etc. The finite difference (FD) method is a standard technique for solving PDEs in Euclidean domains
where the one dimensional FD formulas can be combined to create FD formulas in higher dimensions for partial derivatives.
The first limitation of this FD approach for surface PDEs is that the extension of univariate formulas for surface derivatives
is not straightforward. The generalized multivariate FD formulas can be instead organized on stencils with scattered nodes,
but this approach also raises the question of how the stencil weights should be computed for example in cases in which a
polynomial interpolation on a surface is singular. For the special case of spheres the Euclidean polynomials can be replaced
by spherical harmonics and a theoretical solvability is guaranteed. However, if the space of spherical harmonics is restricted
to spherical caps (for local stencils) then the linear system for computing the stencil weights becomes highly ill-conditioned.
On the other hand, an alternative to spherical harmonics for other manifolds is not available, directly. These drawbacks can
be bypassed if RBF interpolation is used instead to generate the stencil weights in the FD formulas (e.g. [17,18,28,36,46,49,
50]). This approach is called RBF-FD and results in a sparse and well-conditioned final system contrary to the global RBF
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approximation which produces full and ill-conditioned matrices. We note that RBF-FD has been frequently used for solving
PDE problems in Euclidean spaces as well; see for example [18] and references therein.

Another approach for localization and evolving RBF into a fast technique applicable on large-scale problems is the RBF
partition of unity (RBF-PU) method. The first combination of a PU method with RBF interpolation goes back to [55] and the
analysis is given in [56]. See also [16]. A fast algorithm based on PU for two-dimensional interpolation of large scattered
data sets was presented in [9]. The RBF-PU collocation method for solving transport equations on the unit sphere was
developed in [1]. A least squares RBF-PU method as an alternative to the standard collocation method was studied in [26].
RBF-PU has also been shown to be successful for a number of other PDE problems (e.g. [10,12,13,40,47,48]). For applications
to rational interpolation see [11,15] and for applications to parametric structural and shape optimization see [23,24].

In [30] the new D-RBF-PU method was presented to simplify the implementation and increase the efficiency of the
standard RBF-PU method. The direct approximation of PDE operators avoids differentiation against PU weight functions and
allows the use of some useful discontinuous weights functions. This method is also related to the RBF-FD method but is
much faster for setting up the stiffness and mass matrices. The efficiency of this approach for surface PDEs is even more
notable because the computation and implementation of surface derivatives of PU weight functions is a challenging problem.
In this paper, we develop the D-RBF-PU method for solving PDEs defined on smooth embedded submanifolds of Euclidean
spaces. As a basis function, we use the restriction of Euclidean positive definite kernels on surfaces [20]. On the PU part we
apply both smooth and discontinuous weights for blending local RBF approximants and forming a global solution for the
PDE problem.

The remainder of this paper is organized as follows. In sections 2 and 3 the continuous differential operators on embed-
ded submanifolds in R? and their discrete versions via a specific RBF approximation are reviewed, respectively. In section 4
the well-known RBF-FD method is briefly discussed, and in section 5 the idea of PU approximation on surfaces and the
standard approach for solving PDEs are presented. In section 6, the D-RBF-PU method is developed for numerical solution
of surface PDEs. Then its advantages over other techniques, its connection to RBF-FD and its error analysis are given. In
section 7, some numerical experiments, comparisons with RBF-FD and applications to some reaction-diffusion models are
presented.

2. Continuous differential operators on surfaces

Throughout this paper, by terms surface or manifold we mean a smooth embedded submanifold of codimension 1 in R¢
with no boundary. The specific case d = 3 is considered here but straightforward extensions are possible for manifolds of
higher codimension, or manifolds of codimension 1 embedded in higher or lower dimensional spaces. We denote a generic
manifold by T.

The standard way for defining the differential operators on manifolds is through the use of intrinsic coordinates. We
instead follow [21,28,46] to formulate these operators entirely in Cartesian (or extrinsic) coordinates to avoid singularities
associated with intrinsic coordinate systems. In this methodology the surface gradient of a differentiable function u can
be simply formulated as follows. We apply the Euclidean gradient V to u at a point x= (x, y,z) € I' and then project the
resulting vector into the tangent space of I' at x. More precisely

Vru=Vu—nm-Vu)=Vu —nn' (Vu) = (I —nn")Vu

where n =n(x) is the normal vector on I' at the point x. This shows that the surface gradient operator can be written
entirely in Cartesian coordinates as

Vr: =1V
where IT1 =1 —nn" is the projection operator. In an extensive form for d = 3 the surface gradient is written as
(1 — nyny) 9 nyn nyn 9
"ax ax ”aya “aza G

Vr=| —nyny,— 1—nyny) — —nyn;,— | =: Y, 2.1
r xy%x+( yy)ay yhz o gz (2.1)

—NxN;— — Nyl — 1—nzmn;) —

xzax yzay+( ZZ)8Z

where (n*,nY,n?) =: n. The surface divergence of a smooth vector field f = (f*, f¥, f?): T — R3 at a point x € T is
expressed as

Vi f=G f"+GV Y + G~
The Laplace-Beltrami operator Ar at x € I' is then defined by
Ar:=Vr-Vr=(MV) - (IIV) = G*¢* + G¥G¥ +- G*G*. (2.2)

Note that all expressions above are in Cartesian coordinates.
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3. Discrete differential operators on surfaces

In this section, we present a RBF based method for discretizing the surface gradient and the Laplace-Beltrami operators.
First, the RBF interpolation in Euclidean spaces is briefly reviewed and then approximation via basis functions constructed
by restricting the RBF on a manifold is discussed. Finally two approaches for approximating the Laplace-Beltrami operator
are given. The main part of the section follows the methodology given in [21].

3.1. RBFinterpolation
We start with RBF interpolation which is essential for the method we aim to develop in next sections. Assume that
QcR?and &:Q x 2 — R is a kernel with property ®(x, y) = ¢ (||x — y||) for a continuous and even univariate function

¢ : R — R. Here || -|| stands for Euclidean norm in R4, Such kernels are called radial functions. We assume that ¢ is positive
definite in the following sense.

Definition 3.1. A continuous and even function ¢ is positive definite on R? if

N N
DY acip iz —xjl) >0
k=1 j=1
for any N > 1, any N pairwise distinct points X1, Xy, ..., Xy € R? and any nonzero vector ¢ = (cq,C2, ..., cy)T € RN, If the

quadratic form is positive not for all vectors ¢ € RN but for those satisfy
N
Y cip(x))=0. VpePu_1(RY
j=1

where Py,_1(R%) is the polynomial space of degree m — 1 (order m), then ¢ is called conditionally positive definite of
order m. A positive definite function is conditionally positive definite of order m =0 and any order m > 0. A radial and
(conditionally) positive definite function ¢ is called a radial basis function (RBF).

For a given set X = {x1,...,Xy} C € and a continuous function u : 2 — R sampled at points in X we consider the RBF
interpolant of u on X of the form

N

Ip xu@®) = Isu@®) =Y cjp (1% — xj[) + cn1
j=1

for a positive definite or first order conditionally positive definite function ¢. The coefficients c; are obtained by imposing
the interpolation conditions I,u(x) = u(x;), 1 <k <N and the side condition ¢1 + --- + cy =0, or equivalently by solving
the linear system

[ 3l -]

where Ax = (¢p(|% — %jI)), 1<k, j <N, e=(1,1,..., DT, u= (u@1),...,u@y)T and ¢ = (c1,...,cn)T. If ¢ is either
positive definite or conditionally positive definite of order 1 then the above system is uniquely solvable [56]. The inverse
matrix can be obtained as

-1
Ax e _ SX e
el o| " |eé a
where

Sx=2ZTAxz)"'ZT (3.1)

where Z € RN*(N=1) js any matrix whose columns form a basis for ker(e”), = (I — SxAx)e and a = — e Axé. For more
details about the properties and the inverse of a saddle point matrix of the above form (and even in a more general form)
see [15]. We note that ZT AxZ is necessarily positive definite on RN~1. Thus, the interpolation coefficients are obtained as

c=Sxu, cyNy1= eu

The interpolant Igu can be rewritten in the Lagrange (nodal) form

3
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N
Ipu@®) =Y ¥j®u()) (32)
j=1
where the Lagrange functions vector (¥ (%), ..., ¥n(®x)T =: ¥ (x) satisfies
e 0 Y (X) 1
for ¢(x) = (p(Ix — x1])), ..., d(|Ix — xy])))T. By using the inverse of the saddle point matrix we can write

Y(X) =Sxp®) +& y@x=¢é¢® +a

However, the value y (x) is unimportant in nodal representation (3.2).

Here, we are interested in RBF interpolations on manifolds but we still use the standard Euclidean distance | - || in R¢
instead of geodesic distances intrinsic to surfaces. In fact, we use the restriction of kernel ® on submanifold I". Since I' is a
subset of RY, the restriction ®|rx inherits the positive definiteness from the original kernel ® which makes it suited for
interpolation problems on T.

3.2. Discretizations of surface gradient and Laplacian

Let the RBF ¢ have at least one continuous derivative, X = (x, y,z) € I', Xj = (xj, y, zj) € I, and rj(x) = ||x—X;||. Referring
0 (2.1), the x-component of the surface gradient of translates of ¢ by using the chain rule can be written as

0 0 0
G'o(rjx) =(1- M) 5= @ (1 (X)) — Ny 5‘?("](3‘3)) — Mtz - p (T (X))

¢'(rj(®))
= ((1 =) (X — X)) — Ny (¥ — ¥ ) — Nxz (2 — 2j)) ————,
rj(X)
where ' denotes differentiation with respect to r. Note that the singularity in the above expression will analytically cancel,
because ¢ is assumed to be an even function with at least one continuous derivative. Other components of the surface
gradient of ¢ can be obtained similarly by

G¥¢rj®) = (—nany(x—x;) + (1 =nyny)(y = yj) = nynz(z - z)) : r(rég))
J
6% (30 = (= (= ) = myma(y = ) + (1 =) 2 2) r(féﬁ;—)) .
J

Note that, in the above expressions the normal vector components ny = nx(x), ny =ny(x) and n, =n;(x) depend on variable
x although this dependence is ignored in the notation for brevity. The surface gradient of a function u:I' — R is then
approximated by the surface gradient of its RBF interpolation on T, i.e.

N
Vru@) ~ Vrlgu@®) =) Vri@u@)) = Vry' @u
j=1
G (x)
=Vr¢ T ®)Sxu+0=| G¥¢"(x) | Sxu
G*¢" (x)

where the symmetric matrix Sx is defined in (3.1). If we assume B% = (G*¢T (%)), B} = (GY¢T (*¢)), B = (G*¢ (%)) all
for 1 <k < N then the approximate surface gradient at points in X is obtained as

BYSxu Gxu
(Vru)|x = (Vrlgw)|x = | BxSxu | =: | Gxu
B%Sxu Gxu

where G} = B} Sx, ng = B;'(SX and G% = B% Sx are differential matrices associated to continuous operators G*, G¥ and G7,
respectively.
To discretize the Laplace-Beltrami operator the standard approach uses

Aru = Arl¢u =Vr- V[‘I¢u
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where in the form of (2.2), the gradient operators G*, G¥ and G* need to be applied twice requiring the first partial deriva-
tives of normal vector n = n(x). This makes the approximation rather complicated especially when explicit representation
of normal vector is not available or when the manifold is defined by point clouds rather than an explicit representation. On
the other hand, second derivatives of basis functions are required. To bypass these difficulties, a repeated interpolation and
differentiation approach is proposed in [19] as

Aru~Vr - I¢(V1~I¢u).

If we imitate the continuous form (2.2) by replacing the differentiation matrices G%, G% and G% by the operators G*, G”
and G#, respectively, then the approximation

(Aru)|, ~ (GXGY + GG + G5Gx)u=: Lxu (3.4)

is obtained for the Laplace-Beltrami of u at nodes in X. The N-by-N differentiation matrix Lx approximates the operator
Ar on the set X.

4. RBF-FD method on surfaces

The RBF-FD method arises naturally as a generalization of standard FD scheme where the one dimensional formulas are
combined to create FD formulas in higher dimensions for partial derivatives. In a generalized FD method the stencil weights
are generated by imposing exactness on (multivariate) polynomials. Due to drawbacks outlined in the introduction section,
the RBF-generated formulas generate stencil weights by assuming exactness on the space of shifts of the RBF to scattered
points in the stencil.

For a linear surface operator L, the value (Lu)(xp) can be recovered from values of u at a stencil 7(0 C X of points nearing
Xo. Indeed, we obtain the weights &g ; such that

Lu(xo) ~ Y & ju(x)), (41)
j€To
where 70 is the set of indices of points in Xo. The weight vector £, will be computed by assuming exactness of the formula

for basis functions u(x) = ¢([|lx — x|, j € 70. Usually, exactness for constant function u(x) =1 is also imposed. This leads
to system

ENHER

where Loy = (Lo (||x0 — xj||))j€70. Comparing with (3.3) we observe that &y = Ly (xo) where ¢ is the vector of Lagrange

basis functions on set X. If ¢ is conditionally positive definite of order 0 or 1 then the above system is guaranteed to be
solvable. For solving a linear PDE problem

Lu=f,onT (4.2)

by RBF-FD, we consider two sets X = {X1,...,xy} (trial set) and Y = {yq,..., ¥u} (test set) of scattered points on TI.
Then we loop over test points y, and give the role of xp to all y, successively. The stencil weights &, on points )N(k
in neighborhood of y,, when interspersed with zeros corresponding to points outside the stencils, form the rows of a
differentiation matrix A; of size M x N such that

f=Uwly~ALu

where u = (u(x1),...,uxy)T and f = (f(y1)..... f(yu))T. The approximate solution # of

A= f

then gives the approximate nodal values at the trial set X. For postprocessing calculations, the RBF-FD formula can be used
again to find the approximate values of u and its derivatives at any evaluation point x € I'.

To tackle the problem of solvability we may use a large enough set Y to have a full rank overdetermined matrix A;
and look for a unique least squares solution u instead. See [42-44] for more details. However, in practice the degeneracy
happens in rare situations and usually the case Y = X gives an invertible matrix A;. For some applications of RBF-FD to
surface PDEs see [28,46].
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Fig. 1. Overlapping circular coverings on the unit sphere and a torus.

5. Partition of unity approximation

Let {I‘g}f_}’;l be an open and bounded covering of I that means all patches I; are open and bounded and I' = U?i] I.
This ensures that every point ¥ € I" is necessarily covered by at least one patch I}. See Fig. 1 for an example of covering on
the unit sphere and on a torus. A family of nonnegative functions {W[}QI;1 is called a partition of unity (PU) with respect to
the covering {I} if

(1) supp(we) STy, 1N,
N,

(2) Zwe(x) =1, VxeT,
=1

where supp(w) = {x € M : w(x) # 0}. The title ‘partition of unity’ is induced from the second property.
We start with an overlapping covering {FK}QJ;] of I'. If we assume V, is an approximation space on I; and sy € V; is a
local approximant of a function u then

N¢
s= Z Wy Se (5.1)
£=1

is a global interpolation of u on I" which is formed by joining the local approximants s, via PU weights w,. A PU approx-
imation provides a collection of local approximants (small problems) and blends them via a set of PU weights to form a
global approximation. This idea is numerically efficient because of avoiding a large (and possibly unstable) system in favor
of several small (and possibly stable) local systems.

The smoothness of the global solution depends on the smoothness of both local approximants and PU weights. A possible
choice for w, are Shepard’s weights

W (X)
N
> j;] Wj(x)
where W, are nonnegative, nonvanishing and compactly supported functions on I}.

Assume that the linear PDE problem (4.2) is posed on a manifold I". A standard PU method for discretizing this PDE
finds the global PU approximation s of u and then approximates Lu by Ls:

we(X) = 1 <L N, (5.2)

N¢

Lu %LS=ZL(W4 Se). (5.3)
=1

In this scenario, the surface operator L should act on products wys, which may result in a complicated computation as
it requires a kind of Leibniz’s rule for surface derivatives of weight functions. The rational structure of Shepard’s weights
makes it more challenging especially when higher derivatives are demanded. This may be the reason why the PU approach
has been rarely employed for surface PDEs. We refer the reader to [1] as an available implementation on the sphere. In the
present paper we suggest an alternative approach which avoids the differentiation against weight functions and allows the
use of some discontinuous weights to develop faster algorithms.

6. D-RBF-PU method

Assume that X = {xq,...,xn} is a set of well distributed scattered points on surface I" and {I;} is a covering for T.
Besides, let X, = X N I[;. When the local approximants s, are local RBF interpolations on X, the resulting PU method is
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called RBF-PU method. This method is an attractive alternative to global RBFs as it performs better in terms of accuracy per
computational cost because its resulting differentiation matrix is sparse. On the other side, RBF-PU inherits the advantages of
global RBF methods in terms of handling irregular geometries and scattered node layouts. However, RBF-PU when applying
on surface PDEs suffer from some disadvantages which were outlined at the end of previous section. To overcome this we
follow the D-RBF-PU approach introduced in [30] for solving problems on bounded Euclidean domains and extend it for
surface PDEs in this paper. In D-RBF-PU the value Lu is directly approximated by the PU method without any detour via
local approximants s; of u, say

Nc
Lu%ZWgsé =:st (6.1)
=1

where sé are local approximants of Lu on patches I}. The resulting global approximation is denoted by s which is clearly
different from Ls of the standard approach (5.3). The first notable difference is that in the new method the weight functions
are not required to be differentiated. However, these two methods are basically different as they fall into two different
discretization categories, namely the trial space and the direct discretizations highlighted by Schaback in [42,44] in the
context of scattered data approximations. See also [31,32] for developments of the second approach in the moving least
squares approximation context.

Assume that the set of indices of points from X in patch I} is denoted by J,, i.e.

Je=1{jef{1,2,...,N}:xj € X¢}.
In RBF based PU methods the local approximation spaces on Iy are constructed by the shifts of RBFs to points in X,
(possibly) plus a polynomial space. In our case in this paper we assume
Ve :=span{¢ (|l - —x;jl): j € J¢} + span{l},
and we let sy € V, be the interpolant function Iy x,u, i.e.
se®) =1lp x,u@® =Y Yi(l; 0uR), Xl
jele

where v(€; -) are Lagrange functions associated to patch Iy. In D-RBF-PU an obvious choice for local approximants s,é in
(6.1) is

sk=Lse=LUpx,u) = Y Lyrj(€: Ju(x)) (6.2)
jele

which is used successfully in [30] for different derivative operators L defined on Euclidean domains in RY. However, as we
pointed out in section 3.2 this will cause serious difficulties for handling the derivatives of normal vectors when L is, for
example, the Laplace-Beltrami operator on surfaces. An alternative choice for case L = Ar then is

s¢ = Vr - (I.x,(Vr(Ig x,u))). (6.3)
This repeated interpolation and differentiation approach, as described before, avoids differentiation with respect to normal
vectors and highly simplifies the computation. By mimicking the relation (3.4) we have

(A]“U)‘XZ ~ (sp)lx, = (G%, Gk, + c;{(lcﬁl + G%, Gk, )ue =: Lx, ug,

where u, stands for u values at X,. See [28,46] for the use of this approach in RBF-FD methods on surfaces. This approach
gives the approximate Laplacian at all interpolation points in X,, simultaneously, while the only approximation at the central
point is used in RBF-FD methods. In contrast to this, the D-RBF-PU method benefits from the approximation of Ar at all
points in X;. We note that for the surface gradient V- the standard interpolation

sk =Vr(ly.x,u)
will be used. In both cases (L = Vi and L = Ar) we may expand the local approximant in terms of function values as
sp= Y WHE ), (6.4)
j€le
instead of (6.2) to obtain the global PU approximation

Nc
sSS@ =) W@yl u), xeX. (6.5)

t=1jel,
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Usually, Shepard’s functions (5.2) are used as PU weights. These functions are as smooth as their generating compactly
supported functions W,. For a test point x € I' let I(x) be the set of indices of patches in {I;} which cover the point x. A PU
approximation at point x is influenced by all trial points in Ugcjx) X¢ leading to a denser (but still sparse) differentiation
matrix compared with other localized methods such as RBF-FD. Nevertheless, RBF-PU is computationally less expensive than
RBF-FD for setting up the differentiation matrix because the number of local linear systems to be solved is highly reduced
from N, the number of test points, to N, the number of PU patches. In additions, D-RBF-PU allows the use of discontinuous
weight functions because in this method the weights are not required to be differentiated. A useful discontinuous weight
can be defined by

W) = 1, ifIyis t.he nearest patch to x, (6:6)
0, otherwise,
which gives the total weight 1 to the nearest patch and null weights to the others. To identify the nearest patch we can
measure and compare the distance between x and the center of all patches. This weight function results in a final matrix
which is as sparse as the RBF-FD matrix because it assigns a single patch per any test point. Thus, the D-RBF-PU method
with weight function (6.6) is faster than RBF-FD for setting up the differentiation matrix and it is as fast as RBF-FD for
solving the sparse final linear system. We will see in numerical tests that the majority of costs for both methods is subjected
to the setting up phase because fast iterative linear algebra solvers are available for solving the final sparse system.
As another remark, D-RBF-PU can be viewed as a RBF-FD method in a PU setting. Comparing (4.1) and (6.4), one can see
that for a test point xj the local approximation sé (xy) is a RBF-FD approximation of Lu(x) on the stencil )N(k = Xy. Since X
is covered by patches I} for £ € I(xy), all RBF-FD approximants sé (xy), € € I(x;), are computed and then joined by

> we@) spx)

Lel(xy)

to form the overall approximant s!(xy). The important difference is that a local approximation si' is shared with all test
points which are covered by patch I. This is the key property that makes the D-RBF-PU much faster than the standard
RBF-FD method. The situation becomes simpler and the algorithm becomes faster when the weight function (6.6) is applied.
In this case, each test point X, is subjected to a single local set X, =I; N X for an index £ = ¢ € {1,..., N¢} in which Ty, is
the closest patch to x;. From (6.5) and (6.6) we have

L\
SP@) =)0 T W@V RIUE) = Y Y (G X ux)) ~ Luxg)
=1 je]e jely, ™0
Elc,j
because wy(xy) =1 if £ = ¢, and 0 otherwise. Again we emphasize that the difference between this approach and the RBF-
FD method is that in the new method a set (stencil) X, is shared with many test points while in the RBF-FD each stencil is
associated to a unique test point. This is also connected to the overlapped RBF-FD approach presented in [45].

6.1. Some points about error bounds

In our PU setting we assume that the assigned covering {I;} is regular which means that there exists a global constant
K such that every x € ' is covered by at most K patches out of {I;}, i.e. |[(x)| < K for all x € T". On the other hand, we
assume that for a given discrete set X C I' there exists a global constant C such that diam(Iy) < Chxr for 1 <€ < N,
where diam(I}) is the maximum geodesic distance between points in I}. In this case the covering {I}} is called local with
respect to the discrete set X.

As it is described in [30], the analysis of D-RBF-PU method follows the theory given in [43] for nodal meshless methods.
If we are looking for the errors in nodal values u = (u(x1), ..., u(xy))’, the consistency is analyzed by finding an upper
bound for ||Au — f||, where || - ||, is the p-norm in RN, According to the construction, Ay (k, :)u = st (x;) and fi = Lu(xy)
for k=1,..., N. Here, by A(k,:) we mean the k-th row of A. Thus, for consistency we assume there exist error bounds

st (x) — Lu@)| <el@), k=1,...,N,

to obtain |[Aju — f|l, < |l€!|l, where &' = (el (x1), ..., el (xn))T. If the final matrix Ay is full rank and admits the global
stability bound ||AL_l lp < Cs for a constant Cs independent of spacing distance between points in X, then

~ -1 L
lu—ullp <A lpllAcu — FII < Cslle™|p.

This is a classical error analysis containing the stability and consistency terms on the bound. However, our analysis may
leave some parts unproven. The first open problem concerns the invertibility of the square matrix A; for the D-RBF-PU
method. One can bypass this problem by overtesting and seeking for a unique least squares solution instead of an exact

8
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solution for A i = f (see e.g. [44,43]). If the repeated interpolation and differentiation approach is used for approximating
Aru then the test and trial points should coincide and overtesting is not applicable. One can use the standard approach
(6.2) instead but it needs manipulation with derivatives of normal vectors. However, many experiments show that the
square matrix A; is invertible for different distributions of trial (and test) points X. Thus, in almost all practical situations
overtesting is not required at all. The existence of the stability constant Cs is the next unproven ingredient not only for the
method of this paper but also for all nonsymmetric meshless methods such as RBF-FD and standard RBF-PU methods. In
experiments with MATLAB for the case p = co we can use the fact that the condest command estimates the L condition
number which is the Ly, condition number of the transpose. Thus, we can estimate Cs by

~ condest(A{)
si=—
ALlloo

which is an estimate of the Lo, norm of AL_]. This command is very fast for sparse matrices. In case p =2 one can compute
the smallest singular value of A; via SVD to measure the 2-norm of the inverse matrix. Experiments show excellent stability
bounds for the D-RBF-PU method on various surfaces. See section 7.

The consistency bounds eé for surface operators Vr and Ar can be estimated by modifying the results of [21,33] for
local patches I; C T instead of I itself. The theory holds for finitely smooth positive definite RBFs whose Fourier transforms
decay algebraically. We assume that ® : RY — R satisfies

a4+ @) " < @) < (1 + w77, (6.7)

for T > d/2 and constants ¢y and c; with ¢; < cy. As examples of RBFs with this property we can mention the compactly
supported Wendland’s functions ®(x) = (1 — ||x||)’j_p(||x||) for a proper integer k and a polynomial p, and the Matérn
function ®(x) = |\x\|7*d/21<r_d/2(||x||) where Kz is the modified Bessel function of second kind of order . The native space
of a positive definite function ® with property (6.7) on RY is the Sobolev space HT (R?) while the native space of the
restriction of ® on I is the Sobolev space HT~1/2(T"). We refer the reader to [41,56] for definitions and more details about
native spaces of (conditionally) positive definite functions and to [20] for properties of restricted kernels from R? to smooth
embedded submanifolds.
If T is a smooth compact manifold with no boundary then it was proved in [33] that (see also [20,21])

Theorem 6.1. Let T be a smooth compact 2-dimensional submanifold of R3 without boundary. Let X C T be a discrete and quasi-
uniform set with a sufficiently small fill-distance hx r. Then

-1

I —Iullie <ChYplullgery, 1<B<20,
-2

IVru — Vrlguli,ry < Chy lullysey. 2 <8 <20,
-3

I(Arwx — Lxtlloo < Chy Clullysy. 3 < B <20,

for all u € HA(I") provided that ® = ¢ (|| - ||) satisfies (6.7) with T > 3/2, T > 5/2 and T > 7/2 for the first, the second and the third
bound, respectively, and o = T — 1/2. Here Lo (I') = (Loo (T)3.

The above error bounds can be simply updated if we replace the compact manifold I" by open and bounded coverings
I c T and X by X, = XNTI;. For a fixed ¢, since I} is a paracompact submanifold of R? there exists an atlas A= {(@k, ﬁk)},
k=1,...,K of finitely slice charts for I} with an associated intrinsic atlas A = {(¥y, U)} [27]. The sets Uy c R3 are open
in R3 and cover I}, and each \Tik : l~Jk — B(0,1) is a one-to-one smooth map. For the intrinsic atlas the sets U, C I} are
open and Wy : Uy — B'(0,1) = {x = (x, ¥, z) € B(0, 1) : z=0} are considered as copies of the open ball in RZ. Now, let {x}
be a partition of unity subordinate to {Uy}. For a function u defined on I}, the projections my(u) : RZ — R are defined by

xku(¥, ' (x)), x€B'(0,1),
0, otherwise.

m(U) (X) := {

Sobolev spaces H? (I;) are defined by the norms

1/2

K
lullmo @) = (Z ||nk(u>||?,a(Rz)) :

k=1

where K is the number of charts in the atlas. It is obvious that the norm depends on the special choice of atlas A and
partition of unity {x}. But, the same space arises by different collections of these objects and the norms are equivalent.

Using this construction, the theory of [21,33] can be adapted to conclude a similar theorem with I and X being replaced
by I; and Xy, respectively. But since the periodicity is lost on local surfaces I; C I', the duality trick of [33] can not be
applied to double the orders for smoother functions in H? for values of 8 up to 2o. The error bounds read as

9
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lu —IpullLom) SChxerlllullHﬂ@), T<p<o
IVru — Vrlgulliom) <Chy Q lullpsr,), 2<B<o, (6.8)
<ch p<o

I(Aruw)lx, — Lx,telloo Xe, Q”U”Hﬁ(m, 3<

for all u € H#(I"). Finally we have the following theorem.

Theorem 6.2. Let " be a smooth 2-dimensional submanifold of R3 and X c T be a discrete and quasi-uniform set of points with
sufficiently small fill-distance hx r. Let {F@}?Ll be an open, bounded, regular and local (with respect to X) covering for T with PU
functions {w}. If st is the direct PU approximation of Lu for L = Id, Vr, Ar,, then

Lu@) — s @) < Chy < Mullysry. k+1<p<o, (6.9)

for all u € HP(T") and all x € X provided that ® = ¢ (| - ||2) satisfies (6.7) with Tt > k+3/2 and 0 = t — 1/2 where k =0, 1, 2 for
L =1d, Vr, Ar, respectively.

Proof. Since {w,} forms a partition of unity, we have for any x € X

Lu@) — s @)=Y we®)|Lu®) - s; )|

tel(x)

<Y we® Idwlx — $PIx oo

Lel(x)

If we assume that ||(Lu)|x — (s()|x||OO 82 and el(x) := = MaX¢el(x) 82 then we have

|Lu(x)—s(x)| e(x) xeX.

It remains to find the local bounds 8;; for £=1,..., N¢, which are obtainable from (6.8) because we have (sé)lxl = (Ipw)|x,
for L =1d, (sf)|x, = (Vrlgu)|x, for L= Vr and (s{)|x, = Lx,u¢ for L = Ar. Finally, since hx, r, <hx.r and [|ullps ) <
lullgs(ry for all £=1,..., N, the final bound (6.9) results. O

6.2. Cost comparison

The total computational cost of a localized RBF-based method consists of (i) the cost of setting up the final differentiation
matrix, and (ii) the cost of solving the final linear system. Usually, the final system of such a method is highly sparse and
can be effectively inverted using the available iterative linear algebra solvers for sparse and large systems. Thus, the majority
of the computational costs arises in the first phase where on one hand a data structure should be performed to collect the
indices of local sets, and on the other hand lots of local linear systems should be solved for calculating the stencil weights
or constructing the local approximants.

Assume that we are given N quasi-uniform trial and N test points together with N. number of PU patches on surface T.
According to the construction, N, is much smaller than N. Besides, the number of trial points in each patch is independent
of hx r (and thus independent of N) because the covering is assumed to be both local and regular. This means that the
number of points in each patch remains unchanged, approximately, when the discretization is refined. Thus if n, := | X/|
then there exists a global constant np independent of the discretization distance hx r such that n, <np. This is true for the
size of RBF-FD stencils as well and we can assume |X,<| < np for 1 <k < N. Assume that the set of indices of trial points in
each local domain is known in advance. In D-RBF-PU N, and in RBF-FD N local linear systems should be solved to set up
the final matrix. In fact, in RBF-FD the stencils are changed per test points while in D-RBF-PU a local patch is shared with
many test points in a certain neighborhood. Consequently, the total cost for solving all local systems is of order n?)NC for
the D-RBF-PU method and it is of order n?,N for the RBF-FD method. As in the PU approximation N, is a small fraction of
N, say N~ %, the D-RBF-PU is k times faster than RBF-FD for solving all local systems. We will observe this in numerical
experiments of section 7.

The cost of collecting the indices of points among all N trial points in each patch or stencil is ignored in the above cost
analysis. This can be done in a preprocessing step using a boxing strategy to avoid collecting local indices for each patch or
each stencil separately. The overall complexity would be of order 2N for RBF-FD and of order N + N, for D-RBF-PU. As a
more relevant strategy we can use a kd-tree algorithm that takes @ (N log N) time for building a tree on X and O(N1~1/d)
time for range searchings.

Finally, in D-RBF-PU the complexity of evaluating the final solution at an evaluation set X, is dominated by the cost of
building another data structure on X, to collect the indices of evaluation points in each patch I;. However, in RBF-FD new
stencils should be formed per each evaluation point and new local systems should be solved.

Altogether, both methods possess the same complexity rate but D-RBF-PU is approximately k times faster than RBF-FD
where N is approximately k times N¢.
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Fig. 2. Phyllotaxis spiral nodes on sphere, torus, and red blood cell (RBC).

7. Numerical experiments

The first part of this section is devoted to some numerical experiments of the D-RBF-PU method and its comparison with
the RBF-FD method for a PDE of the form

Aru(x) + b(x) - Vru(x) + c(x)u(x) = f(x)

on some smooth embedded submanifolds I'  R3 of dimension 2. Here, b € R3 and c € R are sufficiently smooth functions
of spatial variable x € ', and f is a given source function. In numerical experiments of this part the unit sphere, a torus
and a red blood cell (RBC) are used as computational domains. In Cartesian coordinates these surfaces are defined as

F={(x,y,z)e]R3: x2+y2+22=1},

2 2 2 2 2 2
X°+ X+ X“+y°i2\2
F={(xy2eR%: (1- 2y )<C0+Cz( 2y )+ ca( 2y)) —472=0}.
b} ) )
Wesetci =1, = % co=0.25, c; =2, ¢4 =—1.5 and r, = 1. For trial points and patch centers we use phyllotaxis spiral

nodes based on the idea given in [38] in all experiments. These nodes are also available for download from [22]. The points
on RBC are obtained by mapping the points on the unit sphere using the parametric equations of this surface. Example
node sets are presented in Fig. 2.

A PU covering {I} is simply constructed by letting I'y = B(w¢, p) NT" for N¢ quasi-uniform centers {1, ..., N} =: X C
I. Here B(w, p) is the open ball in R? of radius p and center . Patch centers @, on I" are obtained by the same procedure
as described for trial points. For quasi-uniform points we set Nc = [N/16] to have hy_r = 4hx r. The patch radii are set
to be proportional to hx, r, say p = Coyphx,,r, to obtain a local and regular covering. The overlapping constant Copyjp > 0
should be large enough to ensure both the inclusion I' C UI; and the accuracy of local approximants. On the other side,
it should be as small as permissible to get a reasonably sparse final linear system. We will illustrate some experiments to
come up with a proper constant Cyyjp.

As a smooth PU weight, the function

W=y (|- —well2/pe), ¥ =(1-nS(352+18r+3),

is employed in (5.2) where ¥ (r) is the C* compactly supported Wendland’s function. However, we will apply the constant-
generated PU weight function (6.6) in most of our experiments.
In this study the restrictions of kernels

Matérn (MA): ¢(r)= (sr)f_% Kr_%(er), T>d/2,

Wendland (WE):  ¢(r) = (1 — en)8 (32(er)3 + 25(¢1)? + 8er + 1)
on different surfaces are used as basis functions. The first kernel is positive definite on R? for d < 2t while the second one
is positive definite on R? for d < 3. The native space of the MA kernel on the all above 2 dimensional surfaces is H*~1/2(I")
while it is H4>(I") for the WE kernel. The parameter T =5 is used in all experiments. In both cases the shape parameter
& > 0 is tuned such that a reasonable accuracy is obtained without encountering any serious instability. We set ¢ =3 and

& =1/3 for MA and WE, respectively.
In all cases we use the function

u(x,y,z) :=cos(10z + 3) e — sin(4x + 5y),

11
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Fig. 3. Accuracy (left vertical axis) and sparsity (right vertical axis) with respect to the overlap constant C,yj, in D-RBF-PU method. First row: sphere, second
row: torus, third row: RBC. Left column: the smooth PU weight, right column: the constant-generated PU weight.

as a true solution of the PDE. The velocity vector b(x) = (1,2, —1) and c(x) =1 are used in all experiments. In each case,
the right hand side function f is calculated, accordingly.

To adjust a good overlapping constant C,yj, we test the accuracy vs. amount of sparsity for different surfaces with both
MA and WE kernels. Some results are given in Fig. 3 on sphere, torus and RBC surfaces. Relative errors (left vertical axis)
and percentage of nonzero elements of the final matrix (right vertical axis) are shown in terms of the overlap constant Coyyp.
The smooth PU weight is applied for the left panels and the constant-generated PU weight for the right ones. According to
these results and other experiments with different numbers of points which are not presented here for the sake of brevity,
we set Coyp = 1.1 to have a balance between accuracy and sparsity. We note that in this experiment the iterative approach
is applied for discretizing the Laplace-Beltrami operator. While not presented here, a similar behavior is observed with the
standard approach. We further observe from Fig. 3 that the D-RBF-PU method with the constant-generated weight is about
2.5 times sparser than the case with the smooth weight function.

In Fig. 4 errors and convergence orders of D-RBF-PU with smooth and constant-generated weights and comparison with
RBF-FD on three surfaces using WE and MA kernels are depicted. For results on this figure the Laplace-Beltrami operator
is discretized based on the repeated interpolation and differentiation approach. The same results for standard approach
are given in Fig. 5. In all plots computational convergence orders are obtained by the linear least squares fitting to error
values and are written alongside the figure legends. To make the comparison fair the RBF-FD stencils are chosen to be
)N(k = B(x¢, p) N X where p is the patch radius in D-RBF-PU. Both methods possess the same theoretical order although in
this experiment the D-RBF-PU method with both smooth and discontinuous weights gives more accurate results and higher
convergence orders. However, it seems possible to scale both methods in different ways to obtain better accuracies and
convergence rates.
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Fig. 4. Errors and convergence orders of D-RBF-PU with smooth and constant-generated weights and comparison with RBF-FD on sphere, torus and RBC
surfaces using Matern (first row) and Wendland (second row) kernels. The repeated interpolation and differentiation approach is applied to discretize the
Laplace-Beltrami operator. Computational convergence orders are written alongside the figure legends.

A selection of plots for the stability constant is presented in Fig. 6 for the three surfaces with WE kernel. While not
presented here, the same behavior is observed for experiments with the MA kernel. The final matrix is extremely stable
as Cs ~ 1 in almost all cases. We emphasize that the stability constant Cs measures the conditioning of the final sparse
differentiation matrix. It is of course different from the conditioning of local RBF systems on PU patches. The problem of
conditioning of local systems at small values of the shape parameter & might be treated by some tricky techniques such
as Contour-Padé or RBF-RA algorithms [57,58]. Equipping the method with such stabilization techniques allows to run the
algorithm for higher values of N to obtain a better accuracy. We did not pursue this issue in this paper, instead we tuned
the shape parameter to obtain a reasonable accuracy without encountering any instability.

As we pointed out before, D-RBF-PU is computationally cheaper than RBF-FD. In Fig. 7 the CPU times used for setting up
and for solving the final linear systems together with the total CPU times are compared. Since these systems are sparse and
well-conditioned, the solving time is very small compared to the setting up time. Looking at the total time plot, although
the rates are the same, D-RBF-PU is about 10 times faster than RBF-FD because in D-RBF-PU much fewer number of local
systems should be solved to form the final matrix. While not presented here, cost plots for other surfaces obey the same
behavior.

7.1. Application to reaction-diffusion equations

Among others, reaction-diffusion equations arise from mathematical models to describe Turing pattern formations in
some biological applications and spiral waves in an excitable chemical media [3,14,34,35,51,53]. The solutions of reaction-
diffusion equations can exhibit pattern forming from random initial conditions. However, most results reported in the
literature concern these phenomena on Euclidean domains. Growing attention has been recently paid for such models
on general surfaces to investigate the effect of curvature to pattern and wave formations. Applications on simple sur-
faces such as spheres and cones could be found in [37,54,59] and applications on general surfaces may be found in
[5,6,8,21,25,29,39,52]. We consider the system of reaction-diffusion equations

ou

— = f(u,v) +81Aru

ot
av (7.1)
T g(u,v) +8&Arv
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Fig. 5. Errors and convergence orders of D-RBF-PU with smooth and constant-generated weights and comparison with RBF-FD on sphere, torus and RBC
surfaces using Matern (first row) and Wendland (second row) kernels. The standard approach is applied to discretize the Laplace-Beltrami operator. Com-
putational convergence orders are written alongside the figure legends.
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Fig. 6. The behavior of the stability constant Es for D-RBF-PU and RBF-FD methods on different surfaces. Results show a perfectly stable final linear system
in each case.

where f and g are nonlinear reaction terms and 8; and &, are diffusion parameters. Here u = u(x,t) and v = v(x,t) are
chemical unknowns where x and t stand for spatial and time variables, respectively. The initial conditions are imposed by
u(x,0) =up(x) and v(x,0) = vo(x) for x € I' and known functions ug and vg.

In this section we consider two examples of this time-dependent system on different surfaces. Additions to surfaces
defined in the previous subsection, a Dupin’s Cyclide, a tooth shape surface and a frog will be used in our experiments. The
surfaces and example node sets are presented in Fig. 8. The first two surfaces are respectively defined as

F={(xy,2) eR¥: (X +y*> + 2% +c% —5)? — 4(c1x — c3¢4)* — 4c3y? =0}
F={xy,2eR: ¥ +y8+2 - +y*+25=0)}.

The parameters for Dupin’s Cyclide are c; =2, c; = 1.9, ¢c3 =+/0.39 and ¢4 = 1. These two surfaces are used for example in
[28] to treat the same problem using a compact RBF-FD method. For the case of frog we are only given a cloud X containing
5900 points and approximate normals at each point. A subset of 530 points out of X is used as patch centers and a varying
patch radius strategy is applied so that each patch contains exactly 41 interpolation points.
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Fig. 7. The CPU times used for setting up and solving the final linear system on RBC surface at different numbers of points. The rates are the same but

D-RBF-PU is approximately 10 times faster.

Fig. 8. Example node sets on Dupin’s Cyclide, tooth shape and frog surfaces.
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Fig. 9. The spectrum of the discrete Laplace-Beltrami with D-RBF-PU method and discontinuous PU weight on different surfaces. All eigenvalues fall on the
left half plane.

The D-RBF-PU method is applied for discretizing the spatial variables and the semi-implicit backward differential formula
of order two (SBDF2) [2] is employed for time integration. At the first time step SBDF1 is used to bootstrap SBDF2. The final
linear system was efficiently solved by the GMRES algorithm with a standard incomplete LU preconditioner. It is known that
as a necessary condition for time stability the spectrum of the Laplace-Beltrami differentiation matrix should fall in the left
half plane. Experiments show that if the fill distance hx r is small enough then it appears that all of the eigenvalues do
in fact lie in the left half plane. In few cases, small positive real parts of order 10716 — 10~8 appear in the spectrum. This
might be bypassed by applying a small diagonal increment on the discrete Laplacian matrix. Fig. 9 shows the eigenvalue
patterns on different surfaces for some specific number of nodes which are used for numerical simulations in the following.

The WE kernel is used in this and all experiments from here on.
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@
&

Fig. 10. Quasi steady Turing spots and stripe patterns resulting from solving the Brusselator equation. In all plots, red corresponds to a high concentration
of u and blue to a low concentration. (For interpretation of the colors in the figures, the reader is referred to the web version of this article.)

To model the Turing patterns we consider a particular form of (7.1) with
fu,v)=au(l —1v?) +v( — r2u),
T
g, v)=8v (1 + TUV) +u(y +2v)

for known parameters «, 8, Ty, 72 and y. The system (7.1) with the above reaction terms is known as the Brusselator
equation where (u, v) = (0, 0) is a unique steady state for y = —« [4,8,21,54]. In the absence of diffusion terms (1 =8, =0)
and with certain parameter values the steady state (0, 0) is linearly stable while in the presence of diffusion it is unstable
[51]. Depending on the values of other coefficients this instability exhibits different types of patterns when the steady state
is reached [4]. Here we illustrate spots and stripes patterns.

In our experiments the initial condition is given by u = v =0 except on a bound of width 0.1 around the equator of
each surface where the values of u and v are chosen to be uniformly randomly distributed in [—0.5,0.5]. We use the
RandStream function in MATLAB to generate such values [19]. We set At =0.01 in SBDF2 and execute the simulation until
a steady state solution is reached. To obtain spot patterns we set §, = 0.0045, §;1 =0.5168,, 71 =0.02, 1, = 0.2, o =0.899,
B =-0.91, and y = —a. For stripe patterns we use §; = 0.0021, t; = 3.5, 1 =0 and keep the values of other parameters
unchanged. These values are all motivated from the values used in [8,19]. In Fig. 10 the steady state values of u, the resulting
spot and stripe patterns, on RBC, torus, tooth and frog are shown. These results are in good agreement with those calculated
in [19] and other sources.

Our next application of the D-RBF-PU method for solving a reaction-diffusion equation on surfaces concerns the equation
(7.1) with reaction terms

f(u,v)=lu(l —1u) (u— v_+b>
o a

gu,v)=u—v.

This is a Fitzhugh-Nagumo type system which is a simple model for dynamics of many excitable media. Here, u and v can
be considered as some chemical concentrations or as membrane potential and current. The known parameters «, a and b
govern the reaction kinetics. Small values of parameter ¢ result in two separated regions on the surface each with values
u =0 and u =1 with a thin interface separating these two regions. The solution of this system is a spiral wave evolving
on the surface. Here we present some results on the sphere and on the Dupin’s Cyclide. Results are presented in Fig. 11 at
different time levels with initial conditions

u(x,0) = %[1 + tanh(x + 2y)],

v(x,0) = % [1 —tanh(32)]
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Fig. 11. Spiral wave patterns resulting from solving the Fitzhugh-Nagumo equation. The first row shows the excitation variable u on the sphere at times

t=0,15,18 and 21 (from left to right). The second row shows u on Dupin’s Cyclide at times t =0, 42,45 and 48 (from left to right). In all plots, black
corresponds to a high concentration of u and white to a low concentration.

on both surfaces. Motivating by [21], parameter values a = 0.75, b = 0.02, o = 0.02, §; = 2.5(27 /50)? and &, = 0 are
assigned. We observe from Fig. 11 that the initial density u evolves into approximately symmetric spiral waves that remain
intact but meander around the surfaces throughout the simulation time.

8. Conclusion

In this work we have presented a novel localized RBF method based on partition of unity for discretizing a large class of
PDE problems on manifolds. The new D-RBF-PU method yields a numerical algorithm that is more efficient, more accurate
and faster than standard RBF-PU and RBF-FD methods. It can be easily applied to any smooth orientable surface that is
discretized with a set of scattered nodes and with approximations to the normal to the surface at each of the nodes. As an
important property we can mention that in the new method surface PDE operators are not required to be applied on rational
PU weight functions. This property simplifies the algorithm, highly, and allows the use of some discontinuous weights to
develop a sparser (than RBF-PU) and faster (than RBF-FD) localized RBF technique. The consistency bounds were obtained
for finitely smooth basis functions whose Fourier transforms decay only algebraically. Moreover, the stability, accuracy and
efficiency properties of the scheme were tested on a general PDE defined on different surfaces.

In additions, we have shown how the new method can be easily adaptable to reaction-diffusion equations on surfaces.
In particular, the method was applied on the Brusselator equation and on a Fitzhugh-Nagumo type system to obtain the
formation of Turing patterns and spiral waves in an excitable media, respectively. For advancing in time, the semi-implicit
BDF2 scheme was employed for time discretization. The final linear system was efficiently solved by the GMRES algorithm
with a standard incomplete LU preconditioner. Experiments showed that the final matrices on different manifolds satisfy
the conditions that ensure eigenvalue stability for temporal integration.

Finally, we stress that the method can be used to solve various types of PDEs on surfaces. An extension to convection-
diffusion problems is left for a future work. Moreover, the proposed method can be extended for solving a boundary value
problem defined on a surface subdomain with a sufficiently smooth boundary. Imposing the boundary condition using
the proposed RBF based method is straightforward because the boundary can be viewed as another submanifold with co-
dimension 2.

CRediT authorship contribution statement

Reyhaneh Mir: Conceptualization, Formal analysis, Investigation, Methodology, Software, Visualization, Writing - original
draft, Writing - review & editing. Davoud Mirzaei: Conceptualization, Formal analysis, Funding acquisition, Investigation,
Methodology, Software, Supervision, Visualization, Writing - original draft, Writing - review & editing.
Declaration of competing interest

The authors declare the following financial interests/personal relationships which may be considered as potential com-
peting interests: Davoud Mirzaei reports financial support was provided by Institute for Research in Fundamental Sciences.
Davoud Mirzaei reports financial support was provided by Iran National Science Foundation.
Data availability

Data will be made available on request.

17



R. Mir and D. Mirzaei Journal of Computational Physics 479 (2023) 112001

Acknowledgements

The second author was in part supported by a grant from IPM, No. 1400650417 and by a grant form INSF, No. 98012657.
We greatly acknowledge the helpful comments of anonymous reviewers.

References

[1] K. Aiton, A radial basis function partition of unity method for transport on the sphere, Master’s thesis, Boise State University, Boise, Idaho, 2014.
[2] UM. Ascher, SJ. Ruuth, B.T.R. Wetton, Implicit-explicit methods for time-dependent PDEs, SIAM ]. Numer. Anal. 32 (1997) 797-823.
[3] RE. Baker, E.A. Gaffney, PK. Maini, Partial differential equations for self-organization in cellular and developmental biology, Nonlinearity 21 (2008)
251-290.
[4] R. Barrio, C. Varea, J. Aragén, P. Maini, A two-dimensional numerical study of spatial pattern formation in interacting Turing systems, Bull. Math. Biol.
61 (1999) 483-505.
[5] M. Bergdorf, I. Sbalzarini, P. Koumoutsakos, A Lagrangian particle method for reaction-diffusion systems on deforming surfaces, J. Math. Biol. 61 (2010)
649-663.
[6] M. Bertalmio, L.-T. Cheng, S. Osher, G. Sapiro, Variational problems and partial differential equations on implicit surfaces, ]. Comput. Phys. 174 (2001)
759-780.
[7] M. Buhmann, Radial Basis Functions: Theory and Implementations, Cambridge University Press, Cambridge, New York, 2003.
[8] D.A. Calhoun, C. Helzel, A finite volume method for solving parabolic equations on logically Cartesian curved surface meshes, SIAM ]. Sci. Comput.
31 (6) (2010) 4066-4099.
[9] R. Cavoretto, A. De Rossi, E. Perracchione, Partition of unity interpolation on multivariate convex domains, Int. J. Model. Simul. Sci. Comput. 6 (04)
(2015) 1550034.
[10] M.R. Ahmadi Darani, The RBF partition of unity method for solving the Klein-Gordon equation, Eng. Comput. 37 (2021) 795.
[11] S. De Marchi, A. Martinez, E. Perracchione, Fast and stable rational RBF-based partition of unity interpolation, J. Comput. Appl. Math. 349 (2019)
331-343.
[12] S. De Marchi, A. Martinez, E. Perracchione, M. Rossini, RBF-based partition of unity methods for elliptic PDEs: adaptivity and stability issues via variably
scaled kernels, J. Sci. Comput. 79 (1) (2019) 321-344.
[13] K.P. Deake, E.J. Fuselier, G.B. Wright, A partition of unity method for divergence-free or curl-free radial basis function approximation, SIAM J. Sci.
Comput. 43 (2021) A1950-A1974.
[14] LR. Epstein, J.A. Pojman, An Introduction to Nonlinear Chemical Dynamics, Oxford University Press, Oxford, 1998.
[15] E. Farazandeh, D. Mirzaei, A rational RBF interpolation with conditionally positive definite kernels, Adv. Comput. Math. 47 (2021) 74.
[16] G.E. Fasshauer, Meshfree Approximation Methods with Matlab, World Scientific, 2007.
[17] N. Flyer, E. Lehto, S. Blaise, G.B. Wright, A. St-Cyr, A guide to RBF-generated finite differences for nonlinear transport: shallow water simulations on a
sphere, J. Comput. Phys. 231 (11) (2012) 4078-4095.
[18] B. Fornberg, N. Flyer, Solving PDEs with radial basis functions, Acta Numer. (2015) 215-258.
[19] E. Fuselier, T. Hangelbroek, FJ. Narcowich, J.D. Ward, G.B. Wright, Localized bases for kernel spaces on the unit sphere, SIAM ]. Numer. Anal. 51 (2013)
2538-2562.
[20] E. Fuselier, G.B. Wright, Scattered data interpolation on embedded submanifolds with restricted positive definite kernels: Sobolev error estimates, SIAM
J. Numer. Anal. 50 (2012) 1753-1776.
[21] E. Fuselier, G.B. Wright, A high-order kernel method for diffusion and reaction-diffusion equations on surfaces, J. Sci. Comput. 56 (2013) 535-565.
[22] EJ. Fuselier, Nodes used in order-preserving approximation of derivatives with periodic radial basis functions, accessed 2012, http://math.highpoint.
edu~efuselier/OrderPreservingData/.
[23] H.S. Ho, B. Lui, X. Xing, M.Y. Wang, Parametric shape and topology optimization with radial basis functions and partition of unity method, in: AIP
Conference Proceedings, vol. 1233, American Institute of Physics, 2010, pp. 276-281.
[24] H.S. Ho, B.E. Lui, M.Y. Wang, Parametric structural optimization with radial basis functions and partition of unity method, Optim. Methods Softw.
26 (4-5) (2011) 533-553.
[25] H. Kim, A. Yun, S. Yoon, C. Lee, ]. Park, J. Kim, Pattern formation in reaction-diffusion systems on evolving surfaces, Comput. Math. Appl. 80 (2020)
2019-2028.
[26] E. Larsson, V. Shcherbakov, A. Heryudono, A least squares radial basis function partition of unity method for solving PDEs, SIAM ]. Sci. Comput. 39
(2017) A2538-A2563.
[27] J.M. Lee, Introduction to Smooth Manifolds, Graduate Texts in Mathematics, vol. 218, Springer, New York, 2003.
[28] E. Lehto, V. Schankar, G.B. Wright, A radial basis function (RBF) compact finite difference (FD) scheme for reaction-diffusion equations on surfaces,
SIAM ]J. Sci. Comput. 39 (2017) A2129-A2151.
[29] C.B. Macdonald, S.J. Ruuth, The implicit closest point method for the numerical solution of partial differential equations on surfaces, SIAM J. Sci.
Comput. 31 (6) (2010) 4330-4350.
[30] D. Mirzaei, The direct radial basis function partition of unity (D-RBF-PU) method for solving PDEs, SIAM J. Sci. Comput. 43 (2021) A54-A83.
[31] D. Mirzaei, R. Schaback, Direct Meshless Local Petrov-Galerkin (DMLPG) method: a generalized MLS approximation, Appl. Numer. Math. 33 (2013)
73-82.
[32] D. Mirzaei, R. Schaback, M. Dehghan, On generalized moving least squares and diffuse derivatives, IMA J. Numer. Anal. 32 (2012) 983-1000.
[33] V. Mohammadi, D. Mirzaei, M. Dehghan, Numerical simulation and error estimation of the time-dependent Allen-Cahn equation on surfaces with radial
basis functions, J. Sci. Comput. 79 (2019).
[34] ].D. Murray, Mathematical Biology I: An Introduction, 3rd edition, Springer, New York, 2007.
[35] J.D. Murray, Mathematical Biology II: Spatial Models and Biomedical Applications, 3rd edition, Springer, New York, 2008.
[36] A. Petras, L. Ling, S.J. Ruuth, An RBF-FD closest point method for solving PDEs on surfaces, J. Comput. Phys. 370 (2018) 43-57.
[37] R.G. Plaza, F. Sanchez-Garduno, P. Padilla, R.A. Barrio, PK. Maini, The effect of growth and curvature on pattern formation, J. Dyn. Differ. Equ. 16 (2004)
1093-1121.
[38] J.N. Ridley, Ideal phyllotaxis on general surfaces of revolution, Math. Biosci. 79 (1986) 1-24.
[39] S.J. Ruuth, B. Merriman, A simple embedding method for solving partial differential equations on surfaces, ]. Comput. Phys. 227 (2008) 1943-1961.
[40] A. Safdari-Vaighani, A. Heryudono, E. Larsson, A radial basis function partition of unity collocation method for convection—diffusion equations arising
in financial applications, J. Sci. Comput. 64 (2) (2015) 341-367.
[41] R. Schaback, A unified theory of radial basis functions. Native Hilbert spaces for radial basis functions. II, J. Comput. Appl. Math. 121 (1-2) (2000)
165-177.

18


http://refhub.elsevier.com/S0021-9991(23)00096-7/bib282428E76B89105F063FC2F509AB69B4s1
http://refhub.elsevier.com/S0021-9991(23)00096-7/bibA8A3AB1C176478BE96A64F5CDB3CFCD1s1
http://refhub.elsevier.com/S0021-9991(23)00096-7/bibC7EC609497AE28732843AF1F18EEEA51s1
http://refhub.elsevier.com/S0021-9991(23)00096-7/bibC7EC609497AE28732843AF1F18EEEA51s1
http://refhub.elsevier.com/S0021-9991(23)00096-7/bib593CEE722D8635A5DEF324924A2F800Cs1
http://refhub.elsevier.com/S0021-9991(23)00096-7/bib593CEE722D8635A5DEF324924A2F800Cs1
http://refhub.elsevier.com/S0021-9991(23)00096-7/bibC3BAC2139D804C6FE53C990A78D054D2s1
http://refhub.elsevier.com/S0021-9991(23)00096-7/bibC3BAC2139D804C6FE53C990A78D054D2s1
http://refhub.elsevier.com/S0021-9991(23)00096-7/bibFC8426C0BC5266E743D6E98828512244s1
http://refhub.elsevier.com/S0021-9991(23)00096-7/bibFC8426C0BC5266E743D6E98828512244s1
http://refhub.elsevier.com/S0021-9991(23)00096-7/bib6A5FD19BE239BCD3D271C85AE3F01BE3s1
http://refhub.elsevier.com/S0021-9991(23)00096-7/bib84EB232C8DC1D510058E4832C90B1C2As1
http://refhub.elsevier.com/S0021-9991(23)00096-7/bib84EB232C8DC1D510058E4832C90B1C2As1
http://refhub.elsevier.com/S0021-9991(23)00096-7/bibF8767660F989663DD0EDAC849E936DA9s1
http://refhub.elsevier.com/S0021-9991(23)00096-7/bibF8767660F989663DD0EDAC849E936DA9s1
http://refhub.elsevier.com/S0021-9991(23)00096-7/bibE6ACA77F6937395FE3385A9B2A6EFAFBs1
http://refhub.elsevier.com/S0021-9991(23)00096-7/bib05F5759199846748DDCB362433D71197s1
http://refhub.elsevier.com/S0021-9991(23)00096-7/bib05F5759199846748DDCB362433D71197s1
http://refhub.elsevier.com/S0021-9991(23)00096-7/bibDB6EEFDEF9AABE49B1EDD4F90A84E7EAs1
http://refhub.elsevier.com/S0021-9991(23)00096-7/bibDB6EEFDEF9AABE49B1EDD4F90A84E7EAs1
http://refhub.elsevier.com/S0021-9991(23)00096-7/bib03374D4B094E151086A7518C9440DFD6s1
http://refhub.elsevier.com/S0021-9991(23)00096-7/bib03374D4B094E151086A7518C9440DFD6s1
http://refhub.elsevier.com/S0021-9991(23)00096-7/bibC0A5823C68850194081D0105DDDF19FEs1
http://refhub.elsevier.com/S0021-9991(23)00096-7/bib2503F096D3CDEAC823C5ED626D6B20B4s1
http://refhub.elsevier.com/S0021-9991(23)00096-7/bib0B0795C9832F6FBFA7C8FB25C6B46A47s1
http://refhub.elsevier.com/S0021-9991(23)00096-7/bib014C1D58CA92CF873937A3E8A877CB54s1
http://refhub.elsevier.com/S0021-9991(23)00096-7/bib014C1D58CA92CF873937A3E8A877CB54s1
http://refhub.elsevier.com/S0021-9991(23)00096-7/bibB9EAF92FF406ED605A5146C0A7F39481s1
http://refhub.elsevier.com/S0021-9991(23)00096-7/bibAF49AE845BD0E945C5E1A5E415307411s1
http://refhub.elsevier.com/S0021-9991(23)00096-7/bibAF49AE845BD0E945C5E1A5E415307411s1
http://refhub.elsevier.com/S0021-9991(23)00096-7/bib7080766B6A5679500DD5710A5A13B6A1s1
http://refhub.elsevier.com/S0021-9991(23)00096-7/bib7080766B6A5679500DD5710A5A13B6A1s1
http://refhub.elsevier.com/S0021-9991(23)00096-7/bib932AD000B8672D63527A76B8E2AB7CE5s1
http://math.highpoint.edu~efuselier/OrderPreservingData/
http://math.highpoint.edu~efuselier/OrderPreservingData/
http://refhub.elsevier.com/S0021-9991(23)00096-7/bib1540F240DF8703AA59AA970C2B253B16s1
http://refhub.elsevier.com/S0021-9991(23)00096-7/bib1540F240DF8703AA59AA970C2B253B16s1
http://refhub.elsevier.com/S0021-9991(23)00096-7/bibD7BE295D0FDE68793C9B66C3C49BB290s1
http://refhub.elsevier.com/S0021-9991(23)00096-7/bibD7BE295D0FDE68793C9B66C3C49BB290s1
http://refhub.elsevier.com/S0021-9991(23)00096-7/bibE85C6A2BF19BE60EA2355E959600DB7Fs1
http://refhub.elsevier.com/S0021-9991(23)00096-7/bibE85C6A2BF19BE60EA2355E959600DB7Fs1
http://refhub.elsevier.com/S0021-9991(23)00096-7/bib34EA1EE74F8C0D47CD3C08C6DF5E70C9s1
http://refhub.elsevier.com/S0021-9991(23)00096-7/bib34EA1EE74F8C0D47CD3C08C6DF5E70C9s1
http://refhub.elsevier.com/S0021-9991(23)00096-7/bib74AA512B12AAE366EBB7D3318F3646A4s1
http://refhub.elsevier.com/S0021-9991(23)00096-7/bibD953A727EBE49097095AB2EC6BC60D15s1
http://refhub.elsevier.com/S0021-9991(23)00096-7/bibD953A727EBE49097095AB2EC6BC60D15s1
http://refhub.elsevier.com/S0021-9991(23)00096-7/bib76597B71EEBD83CF7406471BB3C90C1Bs1
http://refhub.elsevier.com/S0021-9991(23)00096-7/bib76597B71EEBD83CF7406471BB3C90C1Bs1
http://refhub.elsevier.com/S0021-9991(23)00096-7/bib328E2413284ABD7BBF32F57762A2B028s1
http://refhub.elsevier.com/S0021-9991(23)00096-7/bib9186EC1BB49AB7FA09EFCEAD5C8514A9s1
http://refhub.elsevier.com/S0021-9991(23)00096-7/bib9186EC1BB49AB7FA09EFCEAD5C8514A9s1
http://refhub.elsevier.com/S0021-9991(23)00096-7/bib5025752C87B3F913CFAAC031A9115393s1
http://refhub.elsevier.com/S0021-9991(23)00096-7/bib67E3B633C584F28DE8D1042F48B6A408s1
http://refhub.elsevier.com/S0021-9991(23)00096-7/bib67E3B633C584F28DE8D1042F48B6A408s1
http://refhub.elsevier.com/S0021-9991(23)00096-7/bibAC0D9F7944ACFC73AE3E313B8B969B6Ds1
http://refhub.elsevier.com/S0021-9991(23)00096-7/bibA8FF58206CCBB35C0F3EF7C635342D19s1
http://refhub.elsevier.com/S0021-9991(23)00096-7/bibEE42583ECAA1BE40E0C6F9055A0D3B51s1
http://refhub.elsevier.com/S0021-9991(23)00096-7/bib56206338E74F1DB6C84D8B5192D68E4Es1
http://refhub.elsevier.com/S0021-9991(23)00096-7/bib56206338E74F1DB6C84D8B5192D68E4Es1
http://refhub.elsevier.com/S0021-9991(23)00096-7/bibF02315E8CA34A1585FB6BD74F0D7D5FCs1
http://refhub.elsevier.com/S0021-9991(23)00096-7/bibC383DEDE09CFD62596610F44A8043D99s1
http://refhub.elsevier.com/S0021-9991(23)00096-7/bibF930987713BE82649AA554A1B5C4EAC5s1
http://refhub.elsevier.com/S0021-9991(23)00096-7/bibF930987713BE82649AA554A1B5C4EAC5s1
http://refhub.elsevier.com/S0021-9991(23)00096-7/bib51E90C91E79D5BEB25BAE726C699F9B3s1
http://refhub.elsevier.com/S0021-9991(23)00096-7/bib51E90C91E79D5BEB25BAE726C699F9B3s1

R. Mir and D. Mirzaei Journal of Computational Physics 479 (2023) 112001

[42] R. Schaback, Direct discretization with application to meshless methods for PDEs, in: Dolomites Research Notes on Approximation, Proceedings of
DWCAA12, vol. 6, 2013, pp. 37-51.

[43] R. Schaback, Error analysis of nodal meshless methods, in: Meshfree Methods for Partial Differential Equations VIII, Bonn, 2015, in: Lecture Notes in
Computational Science and Engineering, vol. 115, Springer, 2017, pp. 117-143.

[44] R. Schaback, All well-posed problems have uniformly stable and convergent discretizations, Numer. Math. 132 (2016) 597-630.

[45] V. Shankar, The overlapped radial basis function-finite difference (RBF-FD) method: a generalization of RBF-FD, J. Comput. Phys. 342 (2017) 211-228.

[46] V. Shankar, G.B. Wright, RM. Kirby, A.L. Fogelson, A radial basis function (RBF)-finite difference (FD) method for diffusion and reaction-diffusion
equations on surfaces, J. Sci. Comput. 63 (2015) 745-768.

[47] V. Shcherbakov, Radial basis function partition of unity operator splitting method for pricing multi-asset American options, BIT Numer. Math. 56 (2016)
1401-1423.

[48] V. Shcherbakov, E. Larsson, Radial basis function partition of unity methods for pricing Vanilla basket options, Comput. Math. Appl. 71 (1) (2016)
185-200.

[49] A. Sokolov, O. Davydov, D. Kuzmin, A. Westermann, S. Turek, A flux-corrected RBF-FD method for convection dominated problems in domains and on
manifolds, J. Numer. Math. 27 (4) (2019) 253-269.

[50] P. Suchde, J. Kuhnert, A meshfree generalized finite difference method for surface PDEs, Comput. Math. Appl. 78 (8) (2019) 2789-2805.

[51] A. Turing, The chemical basis of morphogenesis, Philos. Trans. R. Soc. Lond. B 237 (1952) 37-72.

[52] G. Turk, Generating textures on arbitrary surfaces using reaction-diffusion, Comput. Graph. 25 (1991) 289-298.

[53] JJ. Tyson, J.P. Keener, Singular perturbation theory of traveling waves in excitable media (a review), Physica D 32 (1988) 327-361.

[54] C. Varea, J. Aragon, R.A. Barrio, Turing patterns on a sphere, Phys. Rev. E 60 (1999) 4588-4592.

[55] H. Wendland, Fast evaluation of radial basis functions: methods based on partition of unity, in: Approximation Theory, X: Wavelets, Splines, and
Applications, Vanderbilt University Press, Nashville, TN, 2002, pp. 473-483.

[56] H. Wendland, Scattered Data Approximation, Cambridge University Press, 2005.

[57] G.B. Wright, Radial basis function interpolation: numerical and analytical developments, PhD thesis, University of Colorado, Boulder, 2003.

[58] G.B. Wright, B. Fornberg, Stable computations with flat radial basis functions using vector-valued rational approximations, J. Comput. Phys. 331 (2017)
137-156.

[59] V.S. Zykov, A.S. Mikhailov, S.C. Miiller, Controlling spiral waves in confined geometries by global feedback, Phys. Rev. Lett. 78 (1997) 3398.

19


http://refhub.elsevier.com/S0021-9991(23)00096-7/bib4069E1D18FE88A8ECA4F9885C5F7FE20s1
http://refhub.elsevier.com/S0021-9991(23)00096-7/bib4069E1D18FE88A8ECA4F9885C5F7FE20s1
http://refhub.elsevier.com/S0021-9991(23)00096-7/bib55099308034FAB5C381F77B85BB7EE85s1
http://refhub.elsevier.com/S0021-9991(23)00096-7/bib55099308034FAB5C381F77B85BB7EE85s1
http://refhub.elsevier.com/S0021-9991(23)00096-7/bibBB08656B1C110A4F7B94ADE576C045FDs1
http://refhub.elsevier.com/S0021-9991(23)00096-7/bibB54FAD383C136466E700F6EF2DE49899s1
http://refhub.elsevier.com/S0021-9991(23)00096-7/bib5A50B9A360FDC89A05F1524D4471FB14s1
http://refhub.elsevier.com/S0021-9991(23)00096-7/bib5A50B9A360FDC89A05F1524D4471FB14s1
http://refhub.elsevier.com/S0021-9991(23)00096-7/bib91CF91DBA17F914D73013CDA4F284A46s1
http://refhub.elsevier.com/S0021-9991(23)00096-7/bib91CF91DBA17F914D73013CDA4F284A46s1
http://refhub.elsevier.com/S0021-9991(23)00096-7/bib03BC864A24299BF02608F18B57AB2EAFs1
http://refhub.elsevier.com/S0021-9991(23)00096-7/bib03BC864A24299BF02608F18B57AB2EAFs1
http://refhub.elsevier.com/S0021-9991(23)00096-7/bibEFD5569061C2471BA85DDAA7F988F0BBs1
http://refhub.elsevier.com/S0021-9991(23)00096-7/bibEFD5569061C2471BA85DDAA7F988F0BBs1
http://refhub.elsevier.com/S0021-9991(23)00096-7/bib404FFB416D75B4A85E0429816C94BEBEs1
http://refhub.elsevier.com/S0021-9991(23)00096-7/bib52F148136A75F8FC7620EDCD14D4600Es1
http://refhub.elsevier.com/S0021-9991(23)00096-7/bib1537BA6A052279BDFC01FA4E2BD6E14As1
http://refhub.elsevier.com/S0021-9991(23)00096-7/bib8BBF2395624508F5088B77B35268A392s1
http://refhub.elsevier.com/S0021-9991(23)00096-7/bib44F8DFEFF5BDA6007101A9B7A52BC8E4s1
http://refhub.elsevier.com/S0021-9991(23)00096-7/bib62B434F288CC65BE9FF1037F3EEABDC5s1
http://refhub.elsevier.com/S0021-9991(23)00096-7/bib62B434F288CC65BE9FF1037F3EEABDC5s1
http://refhub.elsevier.com/S0021-9991(23)00096-7/bib411A66FE970A4D8B6E88E091A6289618s1
http://refhub.elsevier.com/S0021-9991(23)00096-7/bib74DAB76833E7DC9F137CCB07540902E4s1
http://refhub.elsevier.com/S0021-9991(23)00096-7/bib822D8F728EE12EE9B2D6875252BA7BEFs1
http://refhub.elsevier.com/S0021-9991(23)00096-7/bib822D8F728EE12EE9B2D6875252BA7BEFs1
http://refhub.elsevier.com/S0021-9991(23)00096-7/bibB89EC93D5CD0190B115DD03C3DDAEBD7s1

	The D-RBF-PU method for solving surface PDEs
	1 Introduction
	2 Continuous differential operators on surfaces
	3 Discrete differential operators on surfaces
	3.1 RBF interpolation
	3.2 Discretizations of surface gradient and Laplacian

	4 RBF-FD method on surfaces
	5 Partition of unity approximation
	6 D-RBF-PU method
	6.1 Some points about error bounds
	6.2 Cost comparison

	7 Numerical experiments
	7.1 Application to reaction-diffusion equations

	8 Conclusion
	CRediT authorship contribution statement
	Declaration of competing interest
	Data availability
	Acknowledgements
	References


