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1 Gaussian Elimination

1.1 Introduction

Systems of linear equations appear whenever one seeks unknown quantities that are related by
linear equations. For example, discretizations of ordinary and partial differential equations,
least-squares approximation, optimization algorithms, and network problems all require the
solution of one or more linear systems. In this lecture we consider the system

ai; Gz - Qip I by
Qg1 A22 -+ Q2p I ba
An1 Qp2 - Gpp Tn bn
where [z1, 29, ..., z,)T =: x is the unknown solution, and (a;;) =: A and [by, by, ..., b,)" :=b

are given. We may write this system as
Az = b, (1.1)

where
Ae RV x,beR",

We always (in this lecture) assume that A is nonsingular so that the system possesses a
unique solution. There are two broad classes of methods for solving linear systems.

e Direct methods, which attempt to compute the exact solution in a finite number of
arithmetic operations (up to rounding errors).

e [terative methods, which construct a sequence of approximations converging to the exact
solution.

The present lecture is devoted to the most important direct method, Gaussian elimination.
The algorithm is one of the cornerstones of numerical linear algebra. Nearly every scientific
computing package contains an optimized implementation of Gaussian elimination, and many
more advanced algorithms are built upon the same principles.

The basic idea of Gaussian elimination is simple. Instead of solving the original system
directly, we repeatedly transform it into an equivalent system that is easier to solve. During
each step we eliminate one unknown from the remaining equations.

Besides being an algorithm for solving linear systems, Gaussian elimination produces
one of the most useful matriz factorizations in numerical linear algebra, namely the LU

factorization,
A=LU

where L is a lower triangular and U is an upper triangular. The solution of system (1.1) then
reduces to solving two triangular systems



which can be solved easily by substitution. This factorization also allows us to solve several
systems with the same coefficient matrix efficiently.

The purpose of this lecture is to introduce the Gaussian elimination. The development
of the algorithm then raises some natural questions.

e Under what conditions does Gaussian elimination exist?

e How expensive is the algorithm?

e [s the computed solution numerically reliable?

We will also answer these questions. However, we first study how triangular systems are
solved, since Gaussian elimination transforms a general system into a triangular one.

1.2 Triangular systems
A linear system is particularly easy to solve when its coefficient matrix is triangular. Since
Gaussian elimination transforms a general matrix into an upper triangular matrix, triangular
systems form the final stage of the algorithm.
There are two types of triangular matrices. A matrix is called upper triangular if all
entries below the main diagonal are zero,
U5 = 0, 7> j,
whereas a matrix is called lower triangular if all entries above the diagonal are zero,
éij =0, 1< J.
Triangular systems can be solved by forward or backward substitution because each equation

contains only a subset of the unknowns.

Backward substitution

Consider the upper triangular system

Ur =y,
where
Uy U2 Uln
e
0 0 Upn
and assume that every diagonal entry is nonzero, i.e. uy; # 0, for i = 1,...,n. Writing the

equations explicitly, we obtain

U11x1 + U122 + - -+ + U Ty, = Y1,

U2T2 + + ++ + U2 Ty = Yo,



The last equation contains only one unknown and therefore immediately yields

Yo

U’nn

Ty =
Once z,, has been computed, the previous equation contains only the unknown x,,_1,

Up—-1,n—1Tn—1 + Un—-1,nTn = Yn—1,

which gives
1
Tp—1 = (ynfl - unfl,nxn)
Up—1,n—1

Proceeding upward through the equations leads to the recursive formula

1 n
i=— | Ui~ it | =n—1,n—-2,...,1 1.2
x u“<y Zujxj> i=n n (1.2)

j=it1

The process is called backward substitution because the unknowns are determined from the
bottom equation upward.

Theorem 1.1. Suppose that U is an upper triangular matrix whose diagonal entries
are all nonzero. Then the system Uz = y possesses a unique solution, and backward
substitution computes this solution exactly in exact arithmetic.

Proof. The last equation uniquely determines x,. Assume that x;.1,...,z, have already
been computed uniquely. Since u; # 0, equation ¢ uniquely determines x; through formula
(1.2). By induction, every unknown is uniquely determined. O]

Forward substitution

The solution of lower triangular systems follows exactly the same principle, except that the
equations are processed in the opposite direction. Consider

Lx =D,
where
lyy 0 0
lyy L 0
Lo |t ’
Enl e gn,n—l fTm
and assume that all diagonal entries are nonzero. The first equation immediately gives
b
r=—.
Y

After computing the first ¢ — 1 unknowns, the ith equation becomes

i—1
liiz; = b — E lijxy,
Jj=1

4



which yields
i—1
1 Z .
Ti = E_“ (bi_jzl gijfl?j) ) 1=2,...,n. (1.3)

This procedure is known as forward substitution.

Theorem 1.2. If L is lower triangular with nonzero diagonal entries, then the system
Lx = b has a unique solution, and forward substitution computes that solution exactly in
exact arithmetic.

The proof is completely analogous to the proof for backward substitution.

Computational cost

In backward substitution (1.2), the computation of z; requires approximately 2(n — i) mul-
tiplications and additions. The total cost therefore is

22(71—2’) =n(n—1)=2n*—n=0(n?

i=1

floating point operations (flops). Forward substitution (1.3) has the same cost. This quadratic
complexity should be compared with the cubic complexity of Gaussian elimination that we
shall derive later.

1.3 Gaussian elimination

The purpose of Gaussian elimination is to transform a general linear system into an equivalent
upper triangular system. The key observation is that replacing one equation by a linear
combination of itself and another equation does not change the solution set of the system.
Such operations are called elementary row operations. They consist of

1. interchanging two rows,
2. multiplying a row by a nonzero scalar,
3. adding a multiple of one row to another.

Gaussian elimination uses the third operation (and later row interchanges when pivoting is
introduced).

In this section we assume, unless otherwise stated, that all pivots generated during the
elimination process are nonzero. Later in the chapter we shall see that this assumption is
not always satisfied and discuss how pivoting overcomes this difficulty.

Consider the linear system (1.1) where

1 1) (1) ptb)

ayp Qi o Gy 1

O REY) 1) 1

A — 4 = (a(l))” _ Aoy Qo9 -+ Qg ) — p — (bgl))ﬁ _ by
) ig=1 : ST vl :

ani aly - af) b



and assume first that
1
agl) # 0.
Our first objective is to eliminate all entries below the first pivot aﬁ)
2,...,n, we replace row ¢ by

. For every row i =

(row i) < (row ©) — £;;(row 1),

where
o)
Uit :%, i=2,..
agy
The numbers ¢;; are called the elimination multipliers. The entries of the new matrix are

denoted by a'? . and are computed as

ij

.

Qa

They are chosen so that the first entry of every modified row becomes zero, since

(1)
2 1 1 1 a,; 1
‘%(1) = agl) - €i1a§1) = az('l) - (i)agl) =0,

agy

1=2,...,n.

The right-hand side vector b") is modified accordingly:
b = — bV, i=2,...

Consequently, after the first elimination step the matrix and right-hand side vector have the
form

[ (1 1 1 1)7] [ (1)7]
Al o) ) A

2 2 2 2

0 o)l 8

0= Lo o ol =
0 e Gl

Notice that the first row remains unchanged. Only the rows below it are modified. The
elimination process now continues with the trailing (n — 1) x (n — 1) submatrix. Assuming
that the new diagonal entry ag) is nonzero, we eliminate the entries below it by subtracting
suitable multiples of the second row. We repeating this procedure successively for each
column.

Suppose that the first & — 1 columns have already been eliminated. The matrix and the

vector therefore have the form

- (0 1 1 17 - (1)
agl) agz) T agk) T agn) b§1)
AR — | : . : ’ pk) _ |
0 0 o a® .. g® p{Y
0 0 - a® o o] b |




Assume that the current pivot satisfies
k
aék) # 0.
For every row below the pivot, define

o
&k:%, i=k+1,...,n. (1.4)
A

The remaining submatrix and the right hand side vector are then updated to

agm) :az('f) —lyaly), i j=k+1,...n, (1.5)
bgkﬂ) = bz(k) — L, b,(ck), i=k+1,...,n. (1.6)

Since
o — a0, i=k+1,...n,

all entries below the pivot disappear. Because only rows below the pivot are modified, all zeros
created during previous elimination steps remain unchanged. Consequently, the elimination
process never destroys the triangular structure that has already been established.

After the (n — 1)st elimination step, every entry below the diagonal has been eliminated
and the matrix has become upper triangular,

@ 1) (1) (1] )]

ayy Qg Azt Ay 1

0 ay ap - ay) b
U=A"=10 0 aé? e az(*i) : y = b = bég)
0 0 0 - al] b

The original linear system has therefore been transformed into the equivalent system
Ur =y,
where U is upper triangular and y is the transformed right-hand side. The solution is then

obtained by backward substitution.

Matrix interpretation

The row operations performed during Gaussian elimination can be represented by matrix
multiplication. To illustrate the idea, consider the first elimination step. Define the matrix

1 00 --- 0 0
lyy 10 - 0 la
__énl oo --- ]__ _Enl_




and ¢ = [1,0,...,0] is the first coordinate vector. Multiplying A from the left by L,
subtracts the appropriate multiple of the first row from every row below it. Hence,

A® = [, A,

Similarly, the second elimination step is represented by another matrix Ly = I — foe) where
Oy =10,0,059,...,0no]". In general, at step k we define

10 .- 0 e 0 o -
o1 --- 0 e 0 ‘
Ly:=10 0 --- 1 o 0 =1 —4ef, where (= 60
00 —Llret1 k 0 FrLE
00 -+ —ly, - 1) L b
and ¢/ = [0,...,0,1,0,...,0] is the kth coordinate vector. According to update equation

(1.5) We have
AR — AW =12 ... n—1.

After the final elimination step, we have
U=A" =L, 1Ly LoL1 A,

where U is the resulting upper triangular matrix. This matrix interpretation is much more
than a convenient notation. It shows that Gaussian elimination is actually a sequence of
elementary matrix transformations, and it immediately leads to the LU factorization,

A=LU
where
L= Lp1Lpo- LyLy) ' =L7'Lt - L1

We note that all matrices Ly, are non-singular (why?) and we can show that L;' = I + (e}
because

(I—tel)I+bel) =1— 0 el =1

since the inner product e ¢y, is zero. It is also straightforward to show that

(1 0 0 - 0]
by 1 O --- 0
L:L;lL;ilz 31 b3 1 -+ 0
_Enl £n2 gnS e 1_

It is important to emphasize that the algorithm described above assumes that every pivot
agck) encountered during the elimination process is nonzero. If one of the pivots vanishes, the
algorithm breaks down because the corresponding multipliers cannot be computed. Even
when all pivots are nonzero, very small pivots may produce very large multipliers, which can
seriously degrade the numerical accuracy of the computed solution. This issue will motivate
the introduction of pivoting later in this lecture.



Example 1.1. Consider the system Ax = b, where

2 1 10 1
4 —6 0 1 1
A=149 7 93] =4
6 1 5 4 1

The first pivot is a;; = 2. Since the pivot is nonzero, elimination can proceed. The
multipliers for the first column are

4 -2 6
2 =5 ; 31 5 ; 4= 3 3

Subtracting suitable multiples of the first row from the remaining rows, i.e.,
aij < aij — lpnan, by <= by — by, i, =2,...,4,

give the updated matrix A® and updated vector b® as

2 1 1 0 1
0 -8 -2 1 1

@ _ 2 _
A 0o 8 3 3" p
0 -2 2 4 9

Observe that the first column below the diagonal now consists entirely of zeros. The
first row remains unchanged. The second pivot equals ass = —8. The corresponding
multipliers are

8 —2 1
8 ) 42

E = _— =
32 34
The second elimination step is therefore
Qij < Q5 — lin@a, bi <= b; — lighy, 1,5 = 3,4.

Updates become

2 1 1 0 1
0 -8 -2 1 -1
®3) — () —
A 0O 0 1 4}|” b 1
00§ p =
The third and final pivot is azgg = 1, and the remaining multiplier is

)
643 - 5

The final update reads as
43 < a4z — Ly3az3, by < by — Ly3b3.

which gives the final upper triangular matrix and the final right-hand side vector vy,

2 1 1 0 1
00 0 % -



The original system has now been transformed into the equivalent upper triangular system
Uz = y. The solution is obtained by backward substitution,

17

= % =0.68, x3=-—1.72, x9=0.64, x;=1.04

Ly

Collecting the elimination multipliers /;; in the lower part of matrix L,

1 0 0 0 1 0 0 0

L_|fr 1 00 _f2 1 00
by L 1 0 -1 -1 1 ol
by Ly lyg 1 3025 25 1

results in LU factorization A = LU for matrix A.

1.4 In-place implementation

Gaussian elimination can be carried out in place. That is, the original matrix is gradually
overwritten during the elimination process. Also the elimination multipliers are not stored
in a separate matrix L. Once column £ has been eliminated, the entries

Al41,k> Ak4-2,k5 - - -y Ank

have all become zero. These locations are therefore no longer needed by the elimination algo-
rithm. Instead of storing zeros, we simply overwrite these locations with the corresponding
multipliers,

gk—‘rl,k) €k+2,k7 CRCIS 7€nk"
At the end of the computation, the strictly upper triangular part contains the entries of the

matrix U, while the strictly lower triangular part contains the elimination multipliers. The
final array has the form

Uyp U2 W13 -+ Uin
la1 Uga Ugg - Ugy
l31 U3 usg -+ Usy
_gnl gn? £n3 T u’rm_

The diagonal belongs to the matrix U. Since the diagonal of the matrix L consists entirely
of ones, there is no need to store these entries explicitly.

We note that if the only objective is to solve the linear system Az = b, there is no need
to store the matrix L. Its effect has already been incorporated into the updated right-hand
side vector b during the elimination process. Thus, only the upper triangular matrix U and
the transformed vector b are required to compute the solution by backward substitution. In
some applications, however, the LU factorization itself is needed, for example when solving
multiple linear systems with the same coefficient matrix or when the factors are used in
subsequent computations.

10



Algorithm 1: Gaussian elimination without pivoting

Input: Nonsingular matrix A € R™*™; vector b € R";
Output: Array A with U placed in its upper triangular part and L (excluding its unit diagonal) in
its lower triangular part; updated vector b;

for k=1ton—1do
fori=k+1tondo
0= air/an
for j=k+1tondo
Q5 < Qjj —Eakj
end for
aM,::é
end for
end for

1.5 Computational cost

We now estimate the computational cost of Gaussian elimination. During elimination step k,
the trailing submatrix has dimension (n — k) x (n — k). For each of the n — k rows below the
pivot, approximately n — k multiplications and the same number of additions are required.
Consequently, the dominant cost during elimination step k is 2(n — k)? flops. Summing over
all elimination steps gives

n—1 n—1
2 (n—k’)2:22r2.
k=1 r=1
Using the identity
il 2 (n—1)n2n—1)
r=1 6
we obtain 5 5 1 1
é(n —1)n2n—-1) = §n3 - §n2 — "

Hence, ignoring the lower powers of n, the dominant computational cost of Gaussian elimi-
nation is

3"
flops. The cost of updating the vector b is of order n? as well as the costs for backward
substitution, which are negligible compared with the cost of the elimination itself for large
matrices. The cubic complexity of Gaussian elimination is optimal for classical dense direct
methods.

1.6 Gaussian elimination with partial pivoting

In the previous section we assumed that every pivot encountered during the elimination pro-
cess was nonzero. Under this assumption Gaussian elimination proceeds exactly as described
and produces an upper triangular matrix. Unfortunately, this assumption is not always
satisfied, even when the coefficient matrix is nonsingular. Moreover, even if all pivots are

11



nonzero, very small pivots may lead to severe rounding errors in floating-point arithmetic.
Consequently, Gaussian elimination without pivoting is rarely used in practical computations.

The purpose of this section is to introduce pivoting (choosing a proper pivot element at
each step), explain why it is necessary, and develop the Gaussian elimination algorithm with
partial pivoting.

Why pivoting is necessary

To understand the need for pivoting, let us first consider the matrix
0 1
A= [1 J |
The matrix is clearly nonsingular since det(A) = —1 # 0. Nevertheless, Gaussian elimination
without pivoting cannot even begin because the first pivot is a;; = 0. The first elimination

multiplier, ¢5; = ag;/aq; is therefore undefined. The difficulty does not arise because the
matrix is singular. If the two rows are interchanged, the matrix becomes

b o]

and Gaussian elimination proceeds without difficulty. This simple example shows that row
interchanges may be necessary merely to allow the algorithm to continue. A second difficulty
is more subtle and concerns numerical stability. Consider

10720 1
[,

The first pivot is nonzero, so Gaussian elimination without pivoting does not break down.
However, the elimination multiplier becomes
1

_ _ 20
egl—m—lo .

The second row is therefore replaced by
(row 2) — 10*(row 1),

which generates entries of magnitude approximately 10%°, although all entries of the original
matrix are of order one. Such unnecessarily large intermediate numbers amplify rounding
errors and may lead to a completely inaccurate computed solution. The problem is not caused
by the matrix itself but by the poor choice of pivot. The idea behind pivoting is therefore
simple: before each elimination step, choose a more suitable pivot.

Partial pivoting

The most widely used pivoting strategy is called partial pivoting. Before eliminating column
k, we search that column for the largest entry in absolute value below the current pivot.
More precisely, we determine the index

p = arg max |a;g|.
k<i<n

12



If p # k, rows k and p are interchanged. The elimination then proceeds exactly as before.
The chosen pivot therefore satisfies
|ape| = max |ai].

Since the pivot is the largest entry in magnitude in the current column, all elimination

multipliers satisfy
Qi

Cir| =

<1, t=k+1,...,n.

Akk

This simple inequality is one of the principal reasons for the success of partial pivoting. By
preventing large multipliers, it greatly reduces the amplification of rounding errors during
elimination.

Permutation matrices

Row interchanges can be represented by permutation matrices. A permutation matrix is
obtained by permuting the rows of the identity matrix. For example,

P p—y

o = O
o O =
_ o O

interchanges the first two rows of any matrix A of size 3 x n, if A is left-multiplied by P.
Every permutation matrix is nonsingular and satisfies

p~t=pT,

Thus permutation matrices are orthogonal matrices whose only nonzero entries are ones.
Thus, solving the linear system Ax = b for a nonsingular matrix A is equivalent to solving
the row-permuted system

PAx = Pb.

This means that we must apply permutation on b, accordingly. During Gaussian elimination
several row interchanges may be required. The product of the corresponding permutation
matrices is again a permutation matrix. Consequently, all row exchanges performed during
the algorithm may be represented by a single permutation matrix.

Exercise 1.1. Show that if P is a permutation matrix then P~! = PT (i.e. P is an
orthogonal matrix). Also show that if P, and P, are two permutation matrices then
P = P, P, is a permutation matrix.

The algorithm

Gaussian elimination with partial pivoting differs from ordinary Gaussian elimination only
in the choice of the pivot. At elimination step k, perform the following stages:

1. Search column k from rows k to n and identify the largest entry in absolute value.

2. Interchange the current pivot row with the row containing this entry.

13



3. Compute the elimination multipliers ;, = ay/agg, for i =k+1,... n.

4. Eliminate the entries below the pivot as in Gaussian elimination without pivoting.

Except for the additional row interchange, the algorithm is identical to Algorithm 1.

Algorithm 2: Gaussian elimination with partial pivoting

Input: Nonsingular matrix A € R™*™; vector b € R";
Output: Array A with U placed in its upper triangular part and L (excluding its unit diagonal) in
its lower triangular part; updated vector b; permutation matrix P;

Set P=1
for k=1ton—1do

P < arg max |a;g|
k<i<n

if a,r, = 0 then stop and report A is singular

if p # k then
interchange rows k and p of A (i.e. interchange ax; and ap; for j =1,...,n)
interchange by, and b,

interchange rows k and p of P
end if
fori=k+1tondo
- aik/akk
for j=k+1tondo
Q5 < Qi — Eak.j
end for
Al < Y4
end for
end for

Once the elimination has been completed the solution z can be computed by solving the
triangular system Uz = y using backward substitution. Here y is the last updated vector b.

Unlike Gaussian elimination without pivoting, the elimination no longer produces a fac-
torization of the form A = LU. Instead, one obtains

PA=LU,

where P = P,_;--- PP, and each P is obtained by interchanging the rows k and p of the
identity matrix in step k of the elimination process. This factorization is called the LU
factorization with partial pivoting.

Exercise 1.2. Modify Algorithm 2 so that the permutation matrix P of size n x n is not
formed or stored explicitly. Instead, use a permutation vector v € N”, initialized by

Ui:i, Z:L,TL

Whenever rows k and p are interchanged, interchange the corresponding entries v, and v,,.
Explain how the final vector v represents the permutation matrix P, and show how it can
be used to compute the permuted right-hand side Pb. Compare the storage requirements
of the two approaches.

14



1.7 Complete pivoting

Partial pivoting searches only within the current column. A more expensive strategy is
complete pivoting, in which the largest entry in absolute value is sought in the entire trailing
submatrix.

1 k N n 1 k n
1 1
already processed . already processed
w0 n
| B @ | B
S| N
n n
[ ] search area: agl,z), i=k,...,n [] search area: ax-c), L,j=k,...,n

Figure 1: Pivot-search regions at step k. Partial pivoting (left), complete pivoting (right).

If the largest entry occurs in row p and column ¢, rows p and k, and columns ¢ and k are
interchanged before elimination continues. The resulting factorization has the form

PAQ = LU,

where both P and @ are permutation matrices, where P accounts for row permutation (as
before) and @ for column permutation.

Exercise 1.3. Explain how the complete pivoting factorization can be used to solve the
linear system Ax = b.

Complete pivoting generally provides a somewhat stronger theoretical guarantee of nu-
merical stability. However, the additional search over the entire trailing submatrix increases
the computational cost, while the improvement in accuracy is usually modest. For this reason
complete pivoting is seldom used in practice. Partial pivoting provides a balance between
efficiency and numerical stability and has become the standard pivoting strategy for dense
linear systems. However, we should note that it does not guarantee perfect numerical be-
haviour for every possible matrix. There exist specially constructed matrices for which the
intermediate entries generated during elimination become very large. Fortunately, such ex-
amples are extremely rare, and partial pivoting is highly successful for the overwhelming
majority of practical problems.

2 Stability and error analysis of Gaussian elimination

In exact arithmetic, Gaussian elimination produces the exact solution of a nonsingular linear
system, provided that the required pivots are nonzero. On a computer, however, arithmetic
operations are carried out with finite precision, and the computed solution is generally dif-

15



ferent from the exact one. The purpose of this section is to understand the origin and size
of this difference. Two distinct issues must be separated:

1. conditioning of the mathematical problem

2. numerical stability of the algorithm.

The first concerns how much does the exact solution change when the data A and b are
perturbed? This property is measured by the condition number of A. The second concerns
how large are the perturbations introduced by floating-point arithmetic? A numerically stable
algorithm produces the exact solution of a nearby problem, but even such an algorithm may
give a large forward error when the original problem is ill-conditioned.

We begin with a brief review of the floating-point model and then introduce forward
error, residuals, and backward error. We give only a brief overview here. For a more detailed
discussion, the reader is referred to the lecture notes Fundamentals of Computing by the
author [2].

2.1 A model of floating-point arithmetic

Let u denote the unit roundoff of the floating-point system. Under the standard model of
floating-point arithmetic, the result of a basic arithmetic operation satisfies

filzoy) = (zoy)(1+90), o] <wu,

where o € {4, —, x, /}, provided that no overflow or underflow occurs. The value of § may
be different for each operation. Thus, the model does not imply that all computations are
affected by the same relative perturbation. It states only that each individual operation is
performed with a relative error bounded by w.

When a sequence of floating-point operations is performed, products of factors of the form
1 4+ ¢; arise. The following notation is convenient:

ku

ku < 1.
1—ku’ Y

Ve =

A standard result states that if |§;| < wu for i =1,..., k, then

K
[T +6) =146, [6u] <.

i=1

For small ku, one has v, ~ ku. As an important consequence, the computed inner product
of two vectors x,y € R" satisfies

A(zTy) = 2Ty + A, A < ylz[Mlyl,

where absolute values and inequalities involving vectors or matrices are understood compo-
nentwise.

16



2.2 Forward error, residual, and backward error

Let z denote the exact solution of
Axr = b,

and let T denote a computed approximation. The quantity ¥ — x is called the forward error.
Its normwise relative form is

which measures the disttance between the exact solution x and the computed solution 7.
The residual associated with Z is defined by

r==b-— Az.

The residual measures how accurately the computed vector satisfies the original equations.
Since

Alx —7) =,

we have

Consequently,
=2 < JATH I -

A small residual does not by itself guarantee a small forward error. If ||[A7Y| is large, a
small residual may correspond to a large error in the solution. This is an expression of the
sensitivity of the linear system.

Backward error takes a different point of view. Instead of asking how far Z is from the
exact solution, it asks how much the original problem must be perturbed so that Z becomes
an exact solution. For example, one may seek perturbations AA and Ab such that

(A+ AA)T = b+ Ab.

An algorithm is called backward stable if the perturbations required to interpret the computed
solution as an exact solution of a nearby problem are small relative to the original data. A
simple normwise backward error is

(@) = min {e : (A+ AA)T = b+ Ab, |AA| < || All, |Ab] < [p]]}.

We can prove that if || - || is a vector norm, and let the matrix norm be the corresponding
subordinate norm then 7(Z) can be written as

16— Az|

@) = TATTRT + 1ol 21)

Indeed, using r = b — AT, we obtain r = AAZ — Ab. Therefore, by the triangle inequality
and the subordinate property of the matrix norm,

Il < [AAZ] + [[Ab]] < [|AAJ[Z]] + [[Ab].

17



If [|AA| < ]| A]| and [|Ab|| < &|[b]|, then
Il < e (AT +[l]])-

Hence every admissible value of ¢ satisfies

R
= TATT&0 + ol

We can also prove that this lower bound can be attained. We omit the proof here. From
(2.1) we conclude that the residual becomes meaningful when it is scaled relative to the sizes
of the matrix, the computed solution, and the right-hand side.
A componentwise backward error is often more informative when the entries of A and b
vary greatly in magnitude. It is defined by
. |bi — (AZ);]
w(T) = max ————————,
() = P AR = o,
with the convention that 0/0 = 0. This quantity is the smallest ¢ for which there exist

perturbations satisfying
[AA[ <elA],  [Ab] <elb],

and
(A+ AA)Z =b+ Ab.

Here, |A| denotes the matrix whose entries are |a;;|, the absolute value of entries of A.

2.3 Conditioning of a linear system

The condition number of a nonsingular matrix A with respect to a subordinate matrix norm
is

k(A) = [|A[[ A7
Since
171F < [[AIFATH],
one has
k(A) > 1.

The condition number measures the sensitivity of the solution to perturbations in the data.
To see this, consider the perturbed system

(A+ AA)(z + Az) = b+ Ab.

Subtracting Az = b gives
AAx = Ab— AA(x + Ax).

Therefore,
Ar = A7'Ab— AT AA(x + Ax).

Taking norms yields

1Az]] < JATHHIAD] + AT HIAAN 2] + [[Az]).
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If || A=Y|| ||AA]| < 1, then

|Az]] K(A) |AA] . [|Ab]
[l = T= =(AIAAN/TA] ( AT Tl )

where we have used

[0l = [| Az < [ Al [|]-
For sufficiently small perturbations, the leading-order interpretation of this bound is

Azl _ (HAAH HAbH>
S k(A + .
el ~ U@ T

Thus, if xK(A) is moderate, small relative perturbations in the data produce small relative
changes in the solution. If k(A) is large, the problem is ill-conditioned and the solution may
be highly sensitive.

It is important to emphasize that conditioning is a property of the mathematical problem,
not of the algorithm used to solve it. A numerically stable method cannot, in general, produce
a highly accurate solution to a severely ill-conditioned problem.

2.4 From backward error to forward error

Suppose that a computed solution T satisfies
(A+ AA)Z =b+ Ab.

Then 7 is the exact solution of a nearby linear system. Applying the perturbation bound
above gives

[T == K(A) (HAAH N HAbH)
lzll = T=rs(AIAAl/NANN 1AL ol /-
provided that
|AA]
K(A)—— < 1.
W

If the algorithm is backward stable, so that the relative perturbations % and % are of
order u, then one expects

This relation explains the different roles of stability and conditioning:

e the backward error measures the quality of the algorithm;
e the condition number measures the sensitivity of the problem;

e their product controls the forward error.

Consequently, a small forward error can generally be expected only when the algorithm is
stable and the problem is reasonably well-conditioned.

19



2.5 Rounding errors in Gaussian elimination

We now consider Gaussian elimination in floating-point arithmetic. For simplicity, begin
with elimination without pivoting. At step k, the exact multiplier is

aly

Oy = & i=k+1,...,n,
~(k)
Ak

where a,gf) denotes the entry present at the beginning of the kth elimination step. We use the

hat notation for them because they have been affected by rounding errors in previous steps.
Then the trailing matrix is updated according to (1.5). In floating-point arithmetic, both
the multiplier and the update are rounded. Thus the computed quantities satisfy relations

of the form "
G
M, = A(ﬁ) (1 + dix), |6ir| < u,
Qg

65? =1 (az(‘;‘c - ﬁlz‘kalg?> '

and

The local error introduced by a single update is small relative to the quantities involved
in that update. However, if the intermediate entries EL\E;?H) become much larger than the
entries of the original matrix, even small relative errors in the intermediate computations
may correspond to large perturbations relative to A. This motivates the introduction of the
growth factor.

2.6 Element growth and the growth factor

Let A®) = (ag-f)) denote the matrix present at the beginning of the kth elimination step, with
AWM = A. The growth factor is defined by
(k)
ol
Pn = _—"——"—7-
max |ag; |

The numerator measures the largest entry generated at any stage of the elimination, while
the denominator measures the largest entry in the original matrix. The growth factor satisfies

pn > L.

A large value of p,, indicates that the elimination process has created entries much larger than
those in the original matrix. Since rounding errors are proportional to the magnitudes of the
quantities being computed, large element growth may substantially increase the backward
error.

Without pivoting, the multipliers may be arbitrarily large, and no useful general bound
on p, exists. For example, consider

e 1
A—{l 1}, D<exk 1.
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The first multiplier is ¢5; = 1/e, and the second pivot becomes 1 — 1/e. Hence the growth
factor is of order e~! and can be made arbitrarily large. Partial pivoting prevents this
particular mechanism by ensuring that

[ < 1.

Nevertheless, the updated entries are differences of the form

(k)

(k+1) (k) _ Cial
1 j 9

= a

@i ij

and therefore
| a(k}-‘r 1)

5 < e + e | < 2max|a®)]

It follows inductively that Gaussian elimination with partial pivoting satisfies the worst-case
bound

This exponential bound is sharp: there exist matrices for which equality is attained. See the
following example.

Example 2.1 (Wilkinson matrix). The worst-case growth-factor bound for Gaussian
elimination with partial pivoting is attained by the Wilkinson matrix

1 0 0 -~ 0 1

-1 1 0 - 0 1

-1 -1 1 - 0 1
Wn:

-1 -1 -1 -+ 1 1

~1 -1 =1 -+ =11

All entries of W,, have magnitude at most one, so

max |w;;| = 1.
i\j
When Gaussian elimination with partial pivoting is applied to W,,, no row interchange is
required if ties are resolved by selecting the first available row. Indeed, at every stage all
candidate pivots in the current column have magnitude one. The elimination multipliers
are therefore
gik:—l, z:k+1,,n

At the first elimination step, adding the first row to each row below it changes the entries
in the last column from 1 to 2. Thus, after the first step, the last column has the form

122 ... 2"

At the second elimination step, the second row is added to all rows below it, and the entries
in the last column below the second row become 2 4+ 2 = 4. Continuing inductively, after
elimination step k, the last-column entries below row k are equal to 2*. Consequently, the
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resulting upper triangular factor is

100 --- 0 1

010 ---0 2

oo01-.---0 4
U =

000 -~ 1 2772

000 -0 20!

The largest entry generated during elimination is therefore

(k)| — gn-1
max ;| :
Since the largest entry of the original matrix has magnitude one, the growth factor is
pn = 2771 Hence the worst-case bound p, < 2"~ ! for Gaussian elimination with partial
pivoting is sharp.

However, for almost all matrices raised in practical applications the bound is very pes-
simistic. In most practical problems, the observed growth factor is modest, and Gaussian
elimination with partial pivoting behaves very reliably. Nevertheless, the existence of matri-
ces with exponential growth means that partial pivoting does not provide an unconditional
backward-stability guarantee independent of the matrix.

2.7 Backward error of the computed LU factors

Suppose that Gaussian elimination, possibly with partial pivoting, is performed in floating-
point arithmetic and produces computed factors L and U. For partial pivoting, let P denote
the computed permutation matrix. The computed factors satisfy a perturbed factorization

P(A+AA) = LU,
where, to first order, the perturbation obeys a componentwise bound of the form
|AA[ < ven| LI U], (2:2)

where ¢ is a modest constant whose precise value depends on the implementation and the
details of the rounding-error analysis. We refere the reader to book [1, 2002] for the details
of the proof. This result is important because it states that the computed factors are the
exact LU factors of a nearby matrix. However, the size of the perturbation is governed by
the product L
L] U]
Under partial pivoting, R
6] <1, ©> ],
so the entries of L remain controlled. The entries of U , on the other hand, may grow during

elimination, and their size is measured by the growth factor. A normwise consequence of
(2.2) is




where C),, grows at most polynomially with n and depends on the chosen norm and im-
plementation. Thus Gaussian elimination with partial pivoting has a small backward error
whenever

Crhup, < 1.

Since p,, is usually modest in practice, the method is generally regarded as backward stable
in a practical sense. More precisely, its backward stability is conditional on moderate element
growth.

2.8 Backward error of the computed solution

After the factorization has been computed, the system is solved by forward and backward
substitution. These triangular solves introduce additional rounding errors. The final com-
puted solution Z can nevertheless be interpreted as the exact solution of a nearby system:

(A+ AA)T = b+ Ab.

The perturbations satisfy a bound of the form

[AA] | [[Ab] 2
+ < Chup, + O(u®).
1Al ol

Combining this result with the perturbation theory for linear systems gives

provided that
k(A)Chup, < 1.

The estimate reveals three possible sources of an inaccurate computed solution:
1. the unit roundoff u may be too large for the required accuracys;
2. the growth factor p, may be large, indicating instability in the elimination process;

3. the condition number k(A) may be large, indicating that the problem is intrinsically
sensitive.

The first two are associated with the numerical computation, whereas the third is a property

of the original linear system.

2.9 Residuals and the assessment of a computed solution

After computing an approximate solution Z, one should not judge its quality solely by in-
specting its entries. A natural first diagnostic is the residual

r=>b— AZ.

Since the entries of AZ may vary in scale, the unscaled residual norm ||r|| is not always
informative. A more meaningful quantity is the relative backward error

16 — Az]|
A -+ o]

() =
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If n(Z) is of the order of the unit roundoff, then ¥ is the exact solution of a nearby system.
However, A small backward error does not necessarily imply a small forward error. The
condition number must also be considered. Approximately,

Thus a computed solution may have an excellent residual and still possess few correct digits
when A is severely ill-conditioned.

Conversely, a relatively large residual generally indicates that the computed solution is
not numerically satisfactory, regardless of the condition number.

2.10 Iterative refinement

The accuracy of a computed solution can often be improved by iterative refinement. Suppose
that an LU factorization of A has already been computed and that 7, is the initial solution.
At iteration m, compute the residual

T = b — AZ,,.

Then solve the correction equation
Aby =T

using the existing LU factors, and update
Timg1 = T + Om
In exact arithmetic, the correction would satisfy
Om = X — Ty,

and one iteration would recover the exact solution. In floating-point arithmetic, the correc-
tion is only approximate, but the procedure can still substantially reduce the forward and
backward errors.

Iterative refinement is particularly effective when the residual is computed in higher pre-
cision than that used for the factorization and triangular solves. Modern mixed-precision
algorithms exploit this observation by computing a relatively inexpensive low-precision fac-
torization and recovering high accuracy through refinement.

2.11 Partial versus complete pivoting

Under complete pivoting, the largest entry in magnitude in the entire trailing submatrix is
selected as the next pivot. This strategy controls both row and column growth more strongly
than partial pivoting.

For complete pivoting, the worst-case growth factor is much smaller than the bound 21
associated with partial pivoting. Nevertheless, the search for the largest entry in the entire
trailing submatrix is more expensive and requires column interchanges in addition to row
interchanges.
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In most applications, the practical improvement in stability does not justify the additional
cost and complexity. Partial pivoting is therefore the standard strategy for general dense
linear systems. Complete pivoting may be useful when exceptionally strong reliability is
required or when the matrix is known to have a structure that may cause substantial growth
under partial pivoting.

2.12 Special cases in which pivoting is unnecessary

Although pivoting is essential for general matrices, there are important classes of matrices
for which Gaussian elimination without pivoting is stable and well defined.

If A is symmetric positive definite, all leading principal submatrices are nonsingular, and
elimination can be performed without row interchanges. In this case one normally uses the
Cholesky factorization rather than a general LU factorization. More details will come in the
next section.

Strictly row diagonally dominant matrices also admit elimination without pivoting. A
matrix is strictly row diagonally dominant if

n
|az’i|> E |CLij|, 2:1,,71
J=1
J#i
Such matrices are nonsingular, and their diagonal dominance prevents zero pivots during

elimination.

Exercise 2.1. Suppose that A is strictly row diagonally dominant. Show that each trailing
submatrix generated during Gaussian elimination is also strictly row diagonally dominant.
Deduce that, at every elimination step k, the pivot element a,(;z) is the largest entry in
magnitude in the first column of the trailing submatrix. Hence, Gaussian elimination with
partial pivoting performs no row interchanges.

Related stability results hold for some other structured classes, including certain banded
matrices and M-matrices. Whenever such structure is known in advance, it may be possible
to avoid pivoting and preserve the structure of the matrix more efficiently.

2.13 Practical interpretation

The main conclusions of the error analysis may be summarized as follows.

1. Gaussian elimination without pivoting may be unstable because small pivots can pro-
duce large multipliers and substantial element growth.

2. Partial pivoting ensures that the multipliers satisfy

but it does not completely prevent growth in the entries of U.

3. The backward error of Gaussian elimination with partial pivoting is proportional to the
unit roundoff, a polynomial factor in n, and the growth factor p,.
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4. Partial pivoting is therefore highly reliable when the growth factor is moderate, as it is
for most matrices encountered in practice.

5. The forward error depends additionally on the condition number:

(forward error) ~ (condition number) x (backward error).

6. A large forward error does not necessarily indicate an unstable algorithm. It may
instead reflect the intrinsic ill-conditioning of the linear system.

7. The scaled residual and backward error should be used to assess whether a computed
solution satisfies a nearby linear system.

Gaussian elimination with partial pivoting combines moderate computational cost, efficient
in-place storage, and practical stability (stable in almost all practical systems). For these
reasons, it remains the standard direct method for solving general dense systems of linear
equations.

3 Symmetric positive definite matrices

Symmetric positive definite matrices arise naturally in the numerical solution of differential
equations, least-squares problems, optimization, statistics, covariance estimation, and many
other areas of science and engineering. Such matrices enjoy many remarkable properties.
In particular, they admit a factorization that is considerably simpler, more efficient, and
more stable than the general LU factorization. This factorization is known as the Cholesky
factorization. We first give the definition.

Definition 3.1. A real symmetric matrix A € R™™" is called positive definite if
vP Az >0, for all z € R™ with x # 0.

A symmetric matrix A is called positive semidefinite if

xT Az >0, for all z € R" with  # 0.

The symmetry assumption is essential. Without symmetry, the quantity 7 Az alone does
not adequately characterize the matrix.

Example 3.1. The identity matrix [ is positive definite since

T

o' Ir =2z = ||z|5 > 0,

for every nonzero vector x. More generally, every diagonal matrix D = diag(dy,...,d,)
with positive diagonals is positive definite because

v Dx = Zdzxf > 0.

=1
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As another example, consider the symmetric matrix
2 1
Y
For every nonzero vector x = [z1,x5]" # 0 we obtain
vl Ax = 207 + 203 + 21w = (2 + 29)* + 27 + 25 > 0.
Hence A is positive definite. The symmetric matrix
11
=l
is positive semidefinite. Because for x = |11, 25]7 # 0 we have

11
ot Ax = [z o] L 1] lij = 23 4+ 22129 + 75 = (21 +22)* > 0.

Hence A is positive semidefinite. However, A is not positive definite since for x = [1, —1] #
0 we get 27 Az = 0.

Positive definite matrices possess many useful properties. We list some of them in the
following proposition.

Proposition 3.1. Let A be symmetric positive definite. Then

AT is positive definite,
all diagonal entries satisfy ag, > 0,
A is nonsingular and A~! is also symmetric positive definite,

all eigenvalues are (strictly) positive,

o 89 1=

the matrix B obtained by removing some rows and corresponding columns of A is
positive definite,

=

every leading principal submatrix is symmetric positive definite,

7. the determinant of every leading principal submatrix is positive.

Proof.

1. For a nonzero vector z € R™ we have 7 ATz = (27 Az)T > 0.
2. Choose = = ¢ # 0 (the kth coordinate vector) which gives 0 < 27 Az = ¢l Ae;, = az.

3. Assume that Az = 0 for some nonzero vector z, then 27 Az = 0 which contradicts
positive definiteness. Hence A is nonsingular. Besides, since A is symmetric, A=! is
also symmetric. Assume that x # 0 is given. Since A is nonsingular there exists a
vector z # 0 such that Az = x. Now we can write

oT A e = (A2)TATH(Az) = 2TATA T Az = 2T AT 2 > 0,
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which shows that A~! is positive definite.

4. Assume that \ is an eigenvalue of A corresponding to eigenvector v # 0. Since A
is symmetric, both X\ and v are real. We have Av = \v. Multiplying by v? we get
vT Av = MvTv = Av||3. Since A is positive definite, v7 Av > 0, and since v # 0,
|v]]2 > 0. Thus A > 0.

5. Assume that rows and columns iq,14s,...,7, of A are removed and we are left with
submatrix B of size (n — k) x (n — k). For every nonzero vector y € R" % we assume
that x € R" is an expansion of y by inserting zeros in places i, i, . .., 7. Then we have

y'By = 2T Az > 0,
because A is positive definite. Since y is arbitrary, B is positive definite.
6. This is a consequence of the previous item.
7. This is a consequence of the previous item.
O
The converses of most of the above statements are also true, which yield equivalent

characterizations of positive definiteness.

Theorem 3.2. The symmetric A is positive definite if and only if all eigenvalues of A are
positive.

Proof. We already showed that if A is symmetric positive definite then all eigenvalues
are positive. We prove that if all eigenvalues of A are positive then A is positive definite.
First, since A is symmetric all its eigenvalues and eigenvectors are real, and the set of its
eigenvectors {vy,vs, ..., v,} forms an orthogonal basis for space R", i.e. vl v; = d;;. Given a
non-zero vector x € R"”, one can write

T =Cv + Uy + -+ -+ CpUy
where ¢, are some coefficients. We then have

vl Az = (cyvy + cova + - - + cuvn) T A(crvr + covg 4 -+ + cuuy)
= c1Av; + cAvy + -+ - + ¢, Av,
=M+ X+ AN, >0,

where we have used the orthogonality of vectors v;. O

Theorem 3.3. The symmetric A is positive definite if and only if every leading principal
submatrix of A has a positive determinant.

We leave the proof of this Theorem as an exercise. See also [3, 2010].

3.1 Cholesky factorization

One of the most important consequence of positive definiteness is the existence of a triangular
square-root factorization.
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Theorem 3.4 (Cholesky). A symmetric matrix A € R"*" is positive definite if and only
if there exists a unique factorization

A=LL",

where L is lower triangular with strictly positive diagonal entries. The matrix L is called
the Cholesky factor of A.

Proof. Suppose first that such a factorization exists. Then A = LLT is symmetric.
Moreover, since the diagonal entries of L are nonzero, L is nonsingular. Therefore, for every

x # 0,
o' Ar = 2" LL 2 = (L"2)" (L") = | L =|)5 > 0,
because LTx # 0. Hence A is positive definite.

We now prove the converse by induction on the dimension. For n = 1, a positive definite
matrix has the form A = [a1;] with a;; > 0, and hence

A= [Van)[Van]".

Thus the result holds for 1 x 1 matrices. Assume that every symmetric positive definite
matrix of order k— 1 admits a Cholesky factorization. Let A be a symmetric positive definite
matrix of order n. Partition A as
A
A=l o).

w Apn

Since every principal submatrix of a positive definite matrix is positive definite, A; is sym-
metric positive definite. By the induction hypothesis, there exists a lower triangular matrix
L, with positive diagonal entries such that A; = L;LT. We seek a lower triangular factor of

the form

L:{ﬁ,£]7 )
Multiplying the two factors gives

L LT Liu
T 141 1

L= LLTL{ uTu—I—ﬁfmJ '

To obtain LLT = A, we must have
Liu=w

and
T 2
wu+L, = an,.

Since L, is nonsingular, the first equation has the unique solution v = L 'w. It remains to
show that a,, — uTu > 0. Using A; = L, LT and w = Lyu, we obtain

wTAl_lw = uTLlT(LlLlT)_lLlu = ulu.

_71
z:{ 4 “’]
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Since A is positive definite, 27 Az > 0. A direct calculation gives
Az = apy — wT AT MW = agy — ul .
Therefore, a,,, — u'u > 0. We may consequently define
lom = VG — uTu > 0.

With these choices of v and £, we have

LIT = [A} “’1 = A

w Qpn

Thus every symmetric positive definite matrix admits a Cholesky factorization. It remains
to prove uniqueness. This is what you are asked to prove in the next exercise.

Exercise 3.1. Prove that the Cholesky factorization A = LLT for symmetric positive

definite matrix A is unique.

The proof of the above theorem propose also an algorithm to compute the Cholesky factor
L. We can also compute the the entries of L directly. Let A = (a;;), and L = (¢;;). Since

A= LLT, the entries satisfy

min(i,j)
a; =Y Ll
K1

Equating corresponding entries leads to the recursive formulas for ¢ = 1,2, ... n,

i—1 i—1
1 o
aii_zgfk, gji:f<aji_zgjk£ik>’ j=14+1,...,n.
k=1 " k=1

Since every leading principal submatrix is positive definite, the quantity under each square
root is strictly positive, and therefore the algorithm never breaks down.

Algorithm 3: Cholesky factorization

Input: Symmetric positive definite matrix A € R™*"™;
Output: Lower triangular matrix L such that A = LLT;

for i =1 to n do

i—1
_ 2
i = | ai — > 03
k=1

for j =i+ 1 tondo

1—1
1
by = 7 (aji - Z@k&k)
3 ]{121
end for
end for
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Exercise 3.2. Show that the leading term in computation cost of the Cholesky algorithm
for an n x n matrix A is

L 3

-n

3
and compare it with the LU decomposition using Gaussian elimination.

One of the most attractive features of the Cholesky factorization is its excellent numerical
stability. Unlike general Gaussian elimination, no pivoting is required. Indeed, positive
definiteness guarantees that every pivot is positive, so the factorization always exists and no
breakdown can occur. Moreover, Cholesky factorization is backward stable. The computed
factor L satisfies

A+ AA=TLL",

where 1A4]
—— = O(u),

Al

provided that the computation is performed in floating-point arithmetic. For a detailed proof
see [1, 2002]. Since no pivoting is required, there is no analogue of the growth factor that ap-
pears in Gaussian elimination with partial pivoting. Consequently, Cholesky is generally both
faster and more reliable than LU factorization whenever the coefficient matrix is symmetric
positive definite.

4 Additional exercises

Exercise 4.1. Assume that the LU factorization A = LU of a nonsingular matrix A €
R™™ has already been computed. Suppose that we want to solve

AX = B,
where B € R™*? contains p right-hand sides.

1. Explain how the factorization A = LU can be reused to compute all columns of X.

2. Determine the leading-order computational cost of solving for all p right-hand sides
after the factorization is available.

3. Compare this with the cost of performing a new Gaussian elimination separately for
every right-hand side. For what reason is a matrix factorization particularly useful
when many systems with the same coefficient matrix must be solved?

Exercise 4.2. Let A € R™™" be nonsingular. Show that Gaussian elimination without
pivoting can be completed without encountering a zero pivot if and only if all leading
principal submatrices

A=Ak, 1:k), k=1,...,n,

are nonsingular.
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Deduce that, whenever Gaussian elimination without pivoting exists,
det(Ax) = uritge - - - Uk,

where u;; are the pivots, i.e., the diagonal entries of the upper triangular factor U.

Exercise 4.3. Suppose Gaussian elimination with partial pivoting is applied to a matrix
A. Using the update formula show that

max [af; ] < 2max|af}].
17]

Z?]

Use this relation inductively to derive the bound
pn S 21’),7].

for the growth factor. Why does this estimate not imply that Gaussian elimination with
partial pivoting is unstable in practice?

Exercise 4.4. Consider the family of linear systems

1 1 2
Asx:bay Asz(l 1+8>7 bE:(Q—i—E)’

where 0 < ¢ < 1. The exact solution is = [1,1]” Consider instead the approximation
7 = [0,2]T Using the infinity norm,

. compute the relative forward error.

. compute the residual r = b, — A.Z and its norm,

1
2
3. compute the normwise backward error n(7) in infinity norm,
4. Compute the condition number of A, in infinity norm.

5

. explain how this example illustrates the difference between backward error and for-
ward error.

Exercise 4.5. The residual of an approximate solution is sometimes used as an indicator
of the accuracy of the solution. Let x be the exact solution of Ax = b, let ¥ be an
approximation, and let r = b — AZ.

1. Show that

I
< gk(A)——.
SVTIE

2. Suppose that ||z|| is unknown. Use
1ol < (Al ]l

to derive a bound involving |7 /]|b]|-
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3. Explain why a relative residual of size 10~'? may still correspond to a poor solution
if K(A) ~ 102,

4. On the other hand, what conclusion can be drawn if both the backward error and
the condition number are small?

Exercise 4.6. Consider iterative refinement starting from an approximate solution Z.
At step m,
T = b — AZ,,,

and a correction ¢,, is computed from
Abpy = Ty,

followed by

fm+1 — /.’L'\m + (Sm
1. Show that if the correction equation were solved exactly, then one refinement step
would give the exact solution in exact arithmetic.

2. Suppose instead that

~

Om = (x —Tp) + dppr-

Show that the new error satisfies

T — Tpy1 = —dpp-

3. Explain why iterative refinement can improve a solution even though the same LU
factors are reused at every step.

4. Implement iterative refinement and test it on matrices with increasing condition
numbers. At every step, record the forward error, residual norm, and backward

error. Discuss the results.
Al w
A=t o)

be symmetric, where A, € R™®=D*("=1) ig symmetric positive definite.
Show that A is positive definite if and only if

Exercise 4.7. Let

a—wlA7'w > 0.

Y

Hint: For z = !

} complete the square in the expression 7 Ax.

The scalar
a—wl AT w

is called the Schur complement of A; in A. Explain how this condition appears naturally
in the inductive proof of the Cholesky factorization.
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Exercise 4.8. Let A be symmetric positive definite with Cholesky factorization

A= C’C’T,
where
C11
C=1 4% " ; ¢y > 0.
Xk Cpn

Define D = diag(c?,,...,c2,) and L = C diag (i’ o #) .

1. Show that L is unit lower triangular.
2. Prove that
A=LDIL".
3. Deduce an LU factorization of A from this decomposition.

4. Explain why the pivots produced by Gaussian elimination without pivoting are
positive for a symmetric positive definite matrix.

Exercise 4.9. Let A € R™" be symmetric positive definite and let A = LLT be its
Cholesky factorization.

1. Show that det(A) = Héfl
i=1

2. Deduce that log(det(A)) = 2 Z log 0;;.
i=1

3. Let u € R™. Prove that A+ uu” is also symmetric positive definite.
4. Is A — uu”™ necessarily positive definite? Give a counterexample.
5. More generally, show that A — uu” is positive definite if and only if u” A=y < 1.

Hint: Write u = Lz and reduce the question to the positive definiteness of I — zz7.
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